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Abstract—Device and circuit performance such as drain cur-
rent and delay time varies stochastically due to uncontrollable
factors in the fabrication processes. In this paper, a new method
that represents the variation of the performance as worst case
parameters in a MOSFET model is proposed. The variation of the
performance can be expressed as a linear combination of several
process-related parameters of the MOSFET model. Because of
this fact, the worst case of parameters which corresponds to the
worst case of performance can be directly and uniformly deter-
mined. Therefore, the calculation time of worst case parameters
can be reduced by this method. The worst case parameter sets
calculated by this method enable designers to estimate circuit
performance variations accurately and easily. The capability of
this method is verified in the variation analysis of drain current.

I. INTRODUCTION

DEVICE performance varies stochastically due to un-
controllable factors in the fabrication processes. Since

miniaturization of semiconductor devices makes the perfor-
mance more sensitive to process variation, more accurate and
simple evaluation for the variation of performance is required
in the early stages of device development.

Conventional methods which estimate the variation of per-
formance using MOSFET model parameters of circuit simu-
lation have been proposed. Table I compares the conventional
methods. The principal component-based method [1]–[3] states
that all the parameters of circuit simulation have to be ex-
tracted from capacitance–voltage (– ) curves. By using
principal component analysis [4], all extracted parameters are
transformed into principal components, and then all parameters
are expressed as a linear combination of the parameters which
have high correlation to the dominant principle components.
After that, the worst corners of the parameters are determined
and circuit simulation is utilized to find a set of parameters
which corresponds to the worst case. Unfortunately, this
conventional method is not computationally efficient, since
the time required for selection of the worst case parameter
sets increases as the square of the number of the dominant
principle components.

The gradient method [5] states that, in the same way as
the factor analytic technique, all parameters are extracted.
These parameters are clustered into groups and then circuit
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simulation is utilized to calculate the sensitivity of each group
of parameters to delay time of the circuit. After that, the
variance of delay time is calculated from the sensitivity and the
variance of the parameters. Unfortunately, this conventional
method can only predict variance of delay time of the circuit
and hence it can not predict worst case parameters.

In this paper, a new method is proposed for the calculation
of parameters which represent the worst case of performance.
Statistical analysis based on measurement data is described.
The method is that device performance is measured and several
parameters of circuit simulation are extracted. Performance
variations can be expressed as a linear combination of several
MOSFET model parameters using principal component regres-
sion analysis. Using this scheme, the worst case parameter is
defined as the case in which the density function of distribution
has the maximum value under given constant condition of
performance. The worst case parameters calculated by this
method allow designers to estimate the variation of device
performance accurately and easily.

The outline of the method is described in Section II along
with the calculation procedure. In Section III, the analysis of
measurement data using various statistical approaches and the
relationships between MOSFET model parameters and perfor-
mance will be detailed and then the equation for calculating
the worst case parameter is developed. Verification of the
worst case parameter which corresponds to the worst value
of performance is discussed in Section IV. Section V contains
a summary and conclusion.

II. OUTLINE OF THE METHOD

The procedure of the new method is shown in Fig. 1. First,
the drain current is measured from a large number of dies using
the test element group (TEG), or predicted by the conventional
method [5]. And then several parameters of circuit simulation
are extracted from the dies using transistor TEG. Second,
after the data points including outliers are eliminated from the
data sets, the parameters are fitted to a suitable distribution.
Third, a typical die with nominal performance is selected
and all parameters of circuit simulation are extracted from
it. Fourth, the parameters which represent the variation of
performance are selected by alternated analysis. Fifth, we
use multiple regression analysis to verify whether or not
the variation of performance can be expressed as a linear
combination of selected parameters. Sixth, the determination
technique of worst case parameters is applied using statistical
data of performance and the parameters. The parameter values
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TABLE I
COMPARISON BETWEEN CONVENTIONAL AND PROPOSEDMETHODS

Fig. 1. Procedure of proposed method.

which correspond to worst case are determined. Finally, some
of the typical parameters which represent the variation of
performance are replaced by the worst case parameters and
then the parameter sets can be verified by circuit simulations.
The performance of various circuits can be analyzed by circuit
simulations with this parameter set.

III. D ETAILS OF THE METHOD

Details of this method are as follows:
1) Measurement of Performance and Parameter Extraction:

In the early stage of device development, transistor-TEG
can be measured. Drain currents ( ) are measured from
a large number of dies using the transistor-TEG. The pa-
rameters, which are extracted using the transistor-TEG, are
effective channel length ( ), effective channel width ( ),
source/drain sheet resistance ( ), gate-oxide thickness
( ) and threshold voltage ( ). We selected these param-
eters from the viewpoint of their physical relationship to
the device. Furthermore, the variation of performance can be

represented by these parameters, as mentioned later. Therefore,
even though the BSIM model has more parameters it is only
necessary to extract these parameters in order to obtain various
statistical information.

2) Eliminating Outliers: The data including outliers in a
die are eliminated by the following two procedures. The first
procedure is that the data which contain outliers are trans-
formed into independent variables using principle component
analysis, and then outliers are eliminated until the transformed
parameters are uncorrelated. If there are only a few data points,
however, a second procedure can be used, in which outliers
are eliminated using histogram and correlation diagrams. As
a result, a few data beyond 4 sigma of distribution were
eliminated in this analysis.

3) Fitting to Suitable Distribution:The parameters and
performances are fitted to a suitable distribution. The
performance is fitted to a density function of normal
distribution and the parameters are fitted to a density function
of multivariate normal distribution as follows:

(1)

where is a parameter set, is the mean of each parameter,
is a number of parameter, and is covariance matrix of .
It is assumed that stochastic variables, which are a convo-

lution of several uncontrollable factors, approximately follow
a normal distribution. Fig. 2 shows examples of the fitting
result. It can be seen that this assumption of performance
and parameters is in good approximation. An example of
correlation diagrams of parameters is shown in Fig. 3. Some
of the parameters are strongly correlated with each other.
Therefore, all the parameters mentioned above are fitted to
a multivariate normal distribution to take into account the
correlation between parameters.

4) Selection of Typical Die and Nominal Parameter Extrac-
tion: First, the dies whose performances are nearly mean
in the distribution are selected. And then the die whose
parameters mentioned above have the maximum density of
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Fig. 2. Approximate results of fitting. Number of data is 157 in eight wafers.

Fig. 3. Example of correlation diagrams of parameters. Vertical and hor-
izontal axis in each plot correspond to parameter extended vertically and
horizontally.

multivariate normal distribution is determined as the typical
die of the selection. A set of nominal parameters of circuit
simulation is extracted from the typical die. Nominal param-
eters are indispensable since a set of worst case parameter
consists of nominal values and several calculated worst case
parameters.

5) Parameter Selection Using the Alternated Analysis:It
is desirable to represent the variation of performance by as
few parameters as possible. Therefore, we have first selected
several process-related parameters mentioned above which are
directly concerned with the performance variation, and then we
fixed the other parameters at constant values of the typical die.

Performances such as Idmax can be represented by only a
few MOSFET model parameters of circuit simulation which
make a large contribution to the variation of performance. To
verify that the selected parameters can represent the perfor-
mance variation, alternated analysis has been utilized. Details
of the alternated analysis are as follows: some combination
of parameters extracted from a measurement are selected and

Fig. 4. Result of alternated analysis: vertical axis is measured drain current;
horizontal axis is simulated drain current using extracted parameters as shown
in each figure.

substituted into the typical parameter set. is calculated
by circuit simulation using this parameter set. This trial of
analysis is repeated using data files of circuit simulation which
are made from a combination of data for each parameter.
Calculated is compared with the measured each
other extended for whole measurement. Parameters which
have a high correlation coefficient between simulated results
and measurements are selected by alternation of parameter
combination, though the parameters should be as few as
possible. The results of the alternated analysis are shown in
Fig. 4. As shown in this figure, only is necessary to
approximate variation in the case of large. In the case of
short, three parameters of , th, and are necessary for
approximation. Correlation coefficients between measured

vector and simulated vector are larger than 0.94
for all four types of transistor. Therefore, the variation of
can be expressed as a function of at least, , ,

, and as a result of the alternated analysis.
6) The Identification of Contribution of Parameters Using

Multiple Regression Analysis:From the result of the alter-
nated analysis, the variation of performance can be represented
as a function of the parameters mentioned above. Further,
using Taylor series expansion for the function of the perfor-
mance, the performance, for example , can be expressed
as a linear combination of process-related parameters. At this
point higher order terms such as second derivatives of each
parameter are negligible compared to the first derivatives.
The performance can be expressed as a linear combination
of parameters

(2)

where is performance value or performances
vector , is parameters vector
( , is the regression coefficient vector
or matrix, is a constant or vector of regression coefficient,
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Fig. 5. Result of multiple regression analysis. Vertical axis is measured drain
current; horizontal axis is calculated drain current by linear combination of
extracted parameters using multiple regression analysis.

is the symbol of the transposition and is a vector of
residual. For example, the variance of is represented as
a linear combination of , , and th,

th

The result of multiple regression analysis is shown in Fig. 5.
The correlation coefficient between measurement and
calculated by linear combination of extracted parameters
is 0.958.

7) Determination Technique of Worst Case MOSFET Model
Parameter: Parameters are transformed into principal com-
ponents which are independent of each other

(3)

where is principal components vector (
and is the characteristic matrix. It is necessary to transform
the selected parameters into principal components, so that
the multiple regression coefficient of principal components to
performance can be calculated accurately and the correlation
between parameters can be taken into account. Using this
scheme, the variation of performance can now be expressed
as a linear combination of several principal components by
multiple regression analysis. Now, performancecan be
expressed as a linear combination of principal
components vector

(4)

where is a regression coefficient vector or matrix andis a
constant or vector of regression coefficient. If residualcan be
neglected in (4) and is a constant value which corresponds
to the worst case value of performance, the relationship in the
equation can be expressed as

(5)

The worst case parameter is that satisfies (5) and the
density of distribution has the maximum value. The worst case
parameter can be calculated from (see Appendix I)

(6)

where is the mean of the parameter vector, is the mean
of performance or the performance of a typical die,

Fig. 6. Comparison of distribution between measured drain current and
simulated one. Numeric in figure is error between measured and calculated
drain current. Total data point is 816 in 16 wafers from eight lots.

is or the sensitivity of the parameters to performances
. Parameter

for circuit simulation can be uniformly calculated by
substituting the performancewhich corresponds to the worst
value of performance into (6). And then a set of worst case
parameter consists of nominal values and calculated worst case
parameters . For example, the worst case parameter set in a
MOSFET model is described as , ,

, , where , , and are extracted
parameters, is process related extracted parameters in
the nominal chip. , , and are calculated worst
case parameters using (6). Moreover, this method includes the
gradient method as shown in Appendix II.

IV. V ERIFICATION

We have applied this method to the variation analysis of
in order to verify its accuracy. Worst case parameters are

calculated by the following procedure. The calculated is
substituted into (6) as the performance and several MOSFET
model parameters such as , , and are calculated.

Furthermore, the resulting values are the worst case param-
eters which most often appear in a given constant worst case
performance value. The result shows the realistic worst case
stochastically. In particular, this method also defined the worst
case parameters being satisfied with (5).

A comparison between the measured and simulated
one using parameters calculated by this method is shown in
Fig. 6. The error between the measured drain current and the
drain current simulated using the resulting values is lower than
2.14%.

V. CONCLUSION

A new method that represents the variation of performance
by worst case parameters in a MOSFET model has been
developed. A limited number of parameters were selected to



YASUDA et al.: MULTIVARIATE ANALYSIS IN MOSFET MODEL PARAMETERS 573

represent the variation of performance from the viewpoint of
their physical relationship to the device. Then, it was indicated
by using alternated analysis that the performance variation
can indeed be represented by the selected process-related
parameters. Furthermore, the variation of performance can be
expressed as a linear combination of selected process-related
parameters by principal component regression analysis. Using
this scheme, the worst case parameter has been defined as the
case in which, given worst-case performance, the density of
distribution has the maximum value. Therefore, we can easily
estimate the variation of performance with several process-
related parameters. The error between the measured drain
current and the drain current simulated using the resulting
values is lower than 2.14%.

The merits of this method are summarized as below:

1) The variations of performance can be expressed as
several MOSFET model parameters by using principal
component regression analysis.

2) The time which is required for calculation of worst case
parameters is constant, since worst case MOSFET model
parameters are directly and uniformly determined from
the performance value.

3) The worst case parameters determined by this method
are closer to reality stochastically than the conventional
method using worst case corner.

4) The worst case parameters calculated by this method
enable designers to estimate performance variations ac-
curately and easily.

APPENDIX I

By using the method of undetermined multipliers, the worst
case parameter is derived. Lagrangian function is

(A1)

where undetermined multipliers vector.
is differentiated partially by each parameter and undeter-

mined multipliers and then the following equation is obtained
using (1),

(A2)

(A3)

The following equation is obtained from (A2):

(A4)

By substituting (A4) into (A3),

(A5)

The worst case parameter is obtained by substituting (A5)
into (A4):

(A6)

where .

APPENDIX II

To derive into gradient method, the following equation is
assumed first:

(A7)

The following equation is obtained;

(A8)

and

(A9)

where is the covariance matrix of . Therefore, this
method includes the gradient method, as (A9) appears in
(6). Moreover, if the number of performancesis one, (6)
states that the variation of parameters ( ) is the product
of the term obtained by dividing the performance variation
( ) by the variance of performance ( ) and the
contribution of the parameter to performance ( ).

Only if the number of performancesis equal to the number
of parameters , and is a regular matrix of degree, (6)
becomes (A7). Additionally, if can be assumed as

, (6) becomes the following equation;

(A10)

where is the symbol of a generalized inverse [6].
Vice versa:

(A11)
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