
Fall 2005: EECS126 Practice Final Exam

Problem 1 True or False. Prove or show a counterexample:

a. X, Y are jointly continuous random variables. Suppose the level sets of the pdf of
(X,Y ) are circles centered at (0, 0). If conditioned on Y = 0, X’s pdf is the same as
a standard Gaussian random variable. Then X,Y are jointly Gaussian.

b. Suppose X and Y are independent random variables. For a real valued function f ,
write Z1 = f(X), Z2 = f(Y ), then Z1 and Z2 are independent.

c. For a random variable X, a real numbers β and a real valued function f . Suppose that
P (X ≤ β) = 0.1, then P (f(X) ≤ f(β)) = 0.1

Problem 2 Random Processes

a. At a bus station, taxis arrive as a Poisson Random Process with parameter λ = 1,
and each taxi drops 1 person at the bus station. Meanwhile buses arrive as a Poisson
Random Process with parameter λ = 1

2
, and each bus picks up all the people at the bus

station. The two processes are independent. What is the distribution of the number of
people on the i’th bus?

b.1 In a day, it either rains with probability p, or there is no rain with probability 1 − p.
Whether it rains or not is independent on what happened before.
There is a statue in the garden, and there are two positions A,B in the garden for the
statue. On a given day, the statue is either at position A or position B.

If it does not rain, then with probability 1
2

the gardener goes outside and moves the
statue from the current position to a new position (either from A to B or from B to
A). If it rains, then the statue remains at its previous position. Let Xn be the position
of the statue at day n. Are Xn, n = 0, 1, ... i.i.d? Are they Markov? If they are Markov,
draw the Markov graph and label the transition probabilities.

b.2 Some ants live at position A, some live at position B. On a given day, if the statue is
moved to a new position, then the ants living at the new position will be smashed. Let
Zn = 1 if some ants are smashed on day n, Zn = 0 if no ants are smashed on that day.
Is the smashing of the ants Zn a Bernoulli process? If it is, what is the parameter of
this Bernoulli process?

Problem 3 Markov Chains
Consider the Markov Chain as shown in the following figure:

1



a. Classify the states (recurrent, transient, periodic, aperiodic)?

b. Give two distinct steady-state distributions.

c. Now consider the 2 state Markov chain Xn as shown in the following figure.

c.1 What is the steady-state distribution for the Markov Chain? Is it unique, why or why
not?

c.2 Suppose at time 0 we start at A, let Y be the first time we are at B. What is the
distribution of the Y ? What’s the mean and variance of it?

c.3 What is P (Xn = B|X0 = A)?

c.4 Suppose we pay 1 dollar at A and 2 dollars at B. What is the total expected amount
of money we pay at time T if we start at A at time 1?

Problem 4 Rolling Fair Dice
We independently roll a fair dice n times. Let Xn be the outcome of the n’th experiment.

a. Give the approximate probability that the average is five or more for n large, i.e.

P (
∑n

i=1 Xi

n
≥ 5)

b. Roll the dice 100 times, what is the best approximation of the probability that the average

is between 3.5 and 3.6, i.e P (
∑n

i=1 Xi

n
∈ [3.5, 3.6]). You can write the probability in terms

of Q(x) = P (X ≤ x), where X is a standard Gaussian random variable)

c. Suppose I flip an unfair coin with P (Head) = 1
4

a hundred times, if we know that we
get 50 tails, what is the probability that the first 4 flips are all heads?
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