
EECS 126: Probability and Random Processes

Problem Set 3 Due on September 27th, 2005 in class
Note: Please submit a photocopy of your work. If you collaborate on the assignment,

please list the names of students in your study group.

Problem A. Prove or give a counterexample to each of the statements:

a) If three random variables are pairwise independent, then they are independent.

b) If X, Y , Z are pairwise independent, then

V ar(X + Y + Z) = V ar(X) + V ar(Y ) + V ar(Z)

c) If X and Y are independent, then E(XY ) = E(X)E(Y ), V ar(XY ) = V ar(X)V ar(Y ).
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Problem B. Let U be a continuous random variable uniformly distributed in [0, 1).

Write u(ω) as follows:

u(ω) =
∞∑

n=1

bn(ω)

2n

Where bn(ω) ∈ {0, 1}. For those u which have multiple choices of expansion, we choose the

expansion with the least 1’s. Now we have a map from [0, 1) to {0, 1}N0 , where N0 is the

cardinality of natural numbers. With the map defined, a uniformly distributed r.v. U is now

mapped to a sequence of binary-valued r.v.’s B1, B2, ...Bn, ....

a) Write Bn, n ∈ N as a function of U .

b) What’s the PMF of B1? Are B1 and B2 independent?
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c) An alternative decomposition of u(ω) is given as follows

u(ω) =
M∑

n=1

bn(ω)

2n
+

xM(ω)

2M

Where XM is a new continuous random variable. Prove that XM has a uniform density on

[0, 1) conditioned on any possible sequence of values b1, b2, ..., bM for B1, ...., BM .

d) Use part c) to show that XM is independent with the random vector (B1, B2, ...BM),

∀M ∈ N .

e) Show that BM+1 is a function of XM . Prove that BM+1 and the random vector (B1, B2, ...BM)

are independent.

f) Prove by induction that B1, B2, ...BK are a collection of independent random variables,

∀K ∈ N .
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