
EE 121: Coding for Digital Communication & Beyond Fall 2013

Lecture 4 — September 12
Lecturer: Prof. Anant Sahai Scribe: Gokul Ramesh

This lecture covers:

• Some Noise

• Sampling as a Projection (some Linear Algebra)

• Many Bits Together

4.1 Introduction
In this lecture, we will move from one bit, to many bits together. We start at an
abstract level, and slowly work our way to error correcting codes, using a concep-
tual/theoretical way of thinking of the problem.

4.1.1 Some Noise
The general model for communication in this class looks like following Figure 4.1.
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Figure 4.1. A digital communication system consisting of a message, an encoder, a communication
channel, a decoder, and an information sink, which recieves the message.

So we have some sort of encoding function, which takes a message (which has
been one bit long until now), and encodes it into a wave form. This wave form, when
moving through the communication channel will encounter additive noise, as shown
in Figure 4.2
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Figure 4.2. An additive noise channel. X is the encoded message and Y is the recieved message
with the added noise, that is being decoded.

Now the corrupted message, Y will go into a decoder, and the decoder will at-
tempt to decode the message. In real life however, there are more forms of noise
than just additive noise. For example, we see multiplicative noise, which in the real
world can come from things such as fluctuations in intensity, based on changes in
the atmosphere, bouncing off of walls and obstructions, etc.

Due to there always being noise in any real world communcations channel, we have
to take it into account. We model this noise as Additive White Gaussian Noise
(AWGN). The samples of AWGN can be described as looking i.i.d. Gaussian when
sampled at Nyquist frequency after being run through a low pass filter. Further
more, we can say that the variance of the AWGN is going to be a function of the
bandwidth of the filter. So as the low pass filter selects a large frequency, we get a
variance that increases linearly with that frequency. However, to understand AWGN
better, we first need to understand sampling as a type of projection.

4.2 Sampling as a Projection
A projection, from Linear Algebra, is a linear function that takes a vector, and
returns a scalar. So if you took the vector and doubled it, the scalar that you get
back is doubled as well. To further understand this, we must first understand signals
as vectors.
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4.2.1 Signals as Vectors
First we start with the real case. Let’s consider all functions that map the unit
interval to the set of reals. That is,

f : [0, 1]→ R
g : [0, 1]→ R

and so on. Is the set of all of these functions a vector space or not?

To see if a set is a vector space, we have to define and check closure under addi-
tion and scalar multiplication. For addition, we can define it to be the most obvious
thing, adding the two functions togther. Clearly we can add the two together and
stay within the reals, as

f + g : [0, 1]→ R

Similarly, we can have multiplication by a scalar, let’s say c, and still stay within the
reals, as

c× f : [0, 1]→ R

Further more, we need a zero function, which simply be the function that’s zero
everywhere. We also need an additive inverse, which can be simply −f .

Now, what we really want to see is real signals as vectors with an inner product.
For two vectors in Rn we see that the inner product is just the dot product. That is,

< f, g >=
∑

i

figi

However, to go from discrete inner product to a continuous version, we would need
to change the sums to integrals. So we can define an inner product as

< f, g >=
∫ 1

0
f(t)g(t)dt

We can pull the linearity properties from this expression. For addition, we can see
that

< f, g + h > =
∫ 1

0
f(t)(g(t) + h(t))dt

=
∫ 1

0
f(t)g(t)dt+

∫ 1

0
f(t)h(t)dt

= < f, g > + < f, h >
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Similarly for scaling (by scalar c),

< f, cg > =
∫ 1

0
f(t)cg(t)dt

= c
∫ 1

0
f(t)g(t)dt

= c < f, g >

One more property we can get is when we take the inner product of a function with
itself.

< f, f > =
∫ 1

0
f(t)f(t)dt

=
∫ 1

0
f 2(t)dt

≥ 0

And we can further say that it equals 0 only when f itself is 0. However, there is
a little subtlety that needs to be addressed. For this claim, we have to assume that
f is a nice, continuous function, and doesnt have any single point discontinuities.
If we have any single point discontinuities, the f is no longer the 0 function, yet,
the property returns 0, so we just disregard those functions for this. With all inner
product spaces, like this one, we also have a norm, which is defined using the norm
squared,

||f ||2 = < f, f >

4.2.2 Sampling as an Inner Product
Now that the basics have been covered, and knowing that sampling is a linear func-
tional, we want to ask ourselves, is sampling like taking the inner product. For finite
dimensional vector spaces, Rn, the set of all vectors and the set of all linear func-
tionals on those vectors are isomorphic to each other. Let’s take an example in R2.
All the linear functionals in R2, that is, the set of all functions that take a vector
in R2 and linearly map it to a scalar, can be seen as row vectors if you think of
vectors in R2 as column vectors. 2 dimensional row and column vectors have a clear
isomorphism between them.

An infinite dimensional space is a little trickier than R2. A proof exists stating
that for every linear functional there exists a mapping to an inner product, but it
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only holds true for finite dimensional vector spaces.1 To make things easier, we can
search for a counter example that doesn’t hold. A counter example that works (or
doesn’t for that matter) is evaluating a function. We know that evaluating a function
is linear, but it doesn’t correspond to an inner product. If it were an inner product,
we would be multiplying the function by the delta function, and delta functions don’t
lie in the space, because it doesn’t map to R. So now our challenge is that there
exist some linear operations that cannot be represented as inner products, so they
can’t be defined as projections in our space. Generally, you handwave and allow the
delta function, because nothing in the scope of the class requires you to forbid the
delta function.

However, sampling is a very common real world application that involves the dirac
delta. So you can’t help but ask, what happens when you hit some noise, more
specifically AWGN, with a delta? In real life, we always sample the signal after it’s
passed through a Low Pass Filter (LPF), so we view sampling as a single operation,
of the two combined.

Figure 4.3. The single operation we see as sampling consists of the LPF followed by the sampler.

When we sample, we always think of sampling as integrating against a delta, then
reading off the value. Assuming x(t) to be band limited, such that it fits inside the
low pass filter, we can see that the inner product is just the convolution integral.

z(t) =
∫ ∞
−∞

x(τ)h(t− τ)dτ

We also know that h is a sinc function because the filter is assumed to be an ideal
low pass filter. Now, if we are looking for a particular value of X(t), we can easily

1This proof can be found in theorem 6.45 of Axler’s Linear Algebra Done Right.
http://linear.axler.net/Chapter6.pdf
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plug it in to the convolution integral and get the result.

X(0) =
∫ ∞
−∞

x(τ)h(0− τ)dτ

=
∫ ∞
−∞

x(τ)h(τ)dτ

4.2.3 Finding the Basis for Sampling
Now, we can see that sampling is a straight forward inner product, and sampling
at any point is just shifting the convolution above. So although delta functions do
not work, we are still left with a nice function to represent the inner product, to
help us see sampling as a projection. Effectively, sampling is just projections of your
signal onto shifted versions of your h’s. Your basis ends up being those impulse
responses (h’s) shifted around. These shifted impulses can be easily generated, as
the h functions in

X(1) =
∫ ∞
−∞

x(τ)h(1− τ)dτ

X(2) =
∫ ∞
−∞

x(τ)h(2− τ)dτ

and so on, are the impulse responses of the basis.

An easy way to understand the setup of the basis is to think of a band limited
signal as being completely represented by it’s samples. This means that the samples
are just coordinates in some basis that’s telling you exactly what the vector, or sig-
nal, was. Those basis elements must be those shifted impulse responses (h’s).

Perfect reconstruction is just multiplying the recieved samples, by sinc functions
and adding them all up. Intuitively, this tells us that the impulse responses must be
sinc functions, and so we can further verify that the basis is made up of a set of sinc
functions. The other key fact that the idea of perfect reconstruction tells us is that
a sinc function that is integer shift away from all the other sinc functions, cannot be
the sum of other sinc functions; otherwise, we can just disregard that sample, and
make it a linear combination of the remaining sinc functions. This fact will allow
us to say that the sinc functions, and thereby the basis consisting of the impulse
responses, is an orthogonal basis.

A more formal proof takes two sinc functions, one a shifted version of the other,
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and takes the inner product of them. Qualitatively, we know that sinc functions in
the time domain look like boxes in the frequency domain. The inner product (con-
volution) of the two boxes is clearly zero because there is no overlap in the boxes!
This makes each of the sinc functions in the basis orthogonal to each other. We can
write that hi ⊥ hj. From this, we will also say that hi and hj are independent. As
a visualization of this, we can define two of those impulse responses as h1 and h2
shown below.

h1

h2

0

10

2

Figure 4.4. The two impulse responses we are integrating, h1 and h2

The convolved version of those two boxes is just the integral of them multiplied,
and because they have no overlap, the result is zero! So by picking your sinc functions
properly, we get no overlap in their frequency contents, giving us an orthogonal basis.

4.3 Back to Noise
The most important thing about noise and it’s nature is that it’s not out to get you.
In fact, you can think of it as being completely indifferent to you. It just doesn’t
care about your existence, it doesn’t even notice you. You’re just there in the way.
Think of yourself as some little bugs crawling around and the person walks through
the garden. It doesn’t even care that you are there. You’re just bugs.

ANANT SAHAI

From the quote above, noise probably doesn’t care that you’re using a basis of sinc
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functions, or any basis for that matter. The model for AWGN says that the noise
holds regardless of what hi and hj are. If you take your white Gaussian noise, and
project it/take the inner product, you’ll get back a Gaussian random variable with a
mean of 0 and a variance proportional to squared magnitude of that vector (changes
based on vector). Because the basis vectors are orthogonal to each other, the two
Gaussians will be independent of each other. In finite dimensions, Gaussian noise
doesn’t care about direction. White Gaussian noise can also be described as the
abstraction of the finite dimensional noise into infinite dimensions, and says that the
noise doesn’t care about the direction anything is, and all it cares about is the length
of the vector.

As an example lets take the following two non-orthogonal vectors and find the inner
product.

h1

h2

0

10

2

Figure 4.5. h1 and h2

If we let intensity σ2 = 1 we know that the two vectors are not orthogonal to
each other because their inner product is 1 and not 0. Incorporating noise, we can
see that

X : 〈N(t), h1〉 ∼ N(0, 2)
Y : 〈N(t), h2〉 ∼ N(0, 1)

Now, if we introduce an h3 such that
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h3

1 2

Figure 4.6. h3

Z : 〈N(t), h3〉 ∼ N(0, 1)

we can see that X = Y + Z

In the real world, noise isn’t really white Gaussian noise :( . Instead we model
it as some filtered version of white Gaussian noise, and we can take that filter and
add it to the block diagram :) . So we just make things a bit more complicated to
make it more accurate.

4.4 Many Bits Together
With one bit, you have to select two wave forms: the wave form for 0 and that for
1. With two bits, you need 4 wave forms, with three you need 8. So with n bits, you
need 2n wave forms.

4.4.1 Orthogonal Signaling
We want to select wave forms such that they are all orthogonal to each other. As-
suming we have no bandwidth constraint, and a time length of T , we can select
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cosines at different frequencies to represent each wave form.
X0 = cos(0t) = 1

X1 = cos
(2π
T
t
)

X2 = cos
(2π
T

2t
)

X3 = cos
(2π
T

3t
)

...
Xk = cos

(2π
T
kt
)

So for whatever number of bits we want to pack in, we just do it. For n bits, you
pick k = 2n wave forms. Our decoding strategy is a bank of matched filters, each
which reads off a value.

MF2

MF1

MF0

Y(t)

Y0
~

Y1
~

Y2
~

Figure 4.7. A set of matched filters decodes the Y (t) to find the frequency that was sent.

Yi =
〈
Y (t), cos

(2π
T
it
)〉
∼ N

(
0, σ2T

2

)

4-10



EE 121 Lecture 4 — September 12 Fall 2013

The filters are picked in such a way that if Xi needs to be chosen, only MFi will see
it. In the next lecture, we talk about how to choose the thresholds of the different
match filters.
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