
CS 70 Discrete Mathematics and Probability Theory
Summer 2015 Chung-Wei Lin HW 7

Due Monday August 10 at Noon
1. Markov’s Inequality and Chebyshev’s Inequality (24 points, 4 points for each part)

A random variable X has variance Var(X) = 9 and expectation E(X) = 2. Furthermore, the value of
X is never greater than 10. Given this information, provide either a proof or a counterexample for the
following statements.

(a) E(X2) = 13.

(b) Pr[X = 2]> 0.

(c) Pr[X ≥ 2] = Pr[X ≤ 2].

(d) Pr[X ≤ 1]≤ 8/9.

(e) Pr[X ≥ 6]≤ 9/16.

(f) Pr[X ≥ 6]≤ 9/32.

2. Course Schedules Are Forever (16 points, 4 points for each part)

A friend tells you about a course called “Laziness in Modern Society” that requires almost no work.
You hope to take this course so that you can devote all of your time to CS70. At the first lecture, the
professor announces that grades will depend on only a midterm and a final. The midterm will consist
of three questions, each worth 10 points, and the final will consist of four questions, also each worth
10 points. He will give an A to any student who gets at least 60 of the possible 70 points.

However, speaking with the professor in office hours you hear some very disturbing news. He tells
you that to save time he will be grading as follows. For each student’s midterm, he’ll choose a number
randomly from some distribution with mean µ = 5 and variance σ2 = 1. He’ll mark each of the three
questions with that score. To grade the final, he’ll again choose a random number from the same
distribution, independent of the first number, and will mark all four questions with that score.

(a) What will the mean (i.e., expectation) of your total score be?

(b) Use Markov’s Inequality to provide an upper bound on the probability of getting an A.

(c) What will the variance of your total score be?

(d) Use Chebyshev’s Inequality to provide an upper bound on the probability of getting an A.
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3. Law of Large Numbers (32 points, 8 points for each part)

Law of Large Numbers: Let X1,X2, . . . ,Xn be i.i.d. random variables with expectation µ = E(Xi).
Define An =

1
n ∑

n
i=1 Xi. Then, for any α > 0,

Pr [|An−µ| ≥ α]→ 0 as n→ ∞.

This problem explores if the Law of Large Numbers holds under other circumstances.

Packets are sent from a source to a destination node over the Internet. Each packet is sent on a certain
route, and the routes are disjoint. Each route has a failure probability of p and different routes fail
independently. If a route fails, all packets sent along that route are lost. You can assume that the
routing protocol has no knowledge of which route fails.

For each of the following routing protocols, determine whether the Law of Large Numbers holds
when Sn is defined as the total number of received packets out of n packets sent. Answer YES if the
Law of Large Number holds, or NO if not, and give a brief justification of your answer. (Whenever
convenient, you can assume that n is even and there are more routes than packets.)

(a) YES or NO: Each packet is sent on a completely different route.

(b) YES or NO: The packets are split into n/2 pairs of packets. Each pair is sent together on the
same route, and all pairs are sent on different routes.

(c) YES or NO: The packets are split into 2 groups of n/2 packets. All the packets in each group
are sent on the same route, and the two groups are sent on different routes.

(d) YES or NO: All the packets are sent on one route.

4. Coupon Collector (12 points, 4/8 points for each part)

Coco is trying to collect two coupons. She pays 10 dollars to get a coupon, but she does not know
which coupon she will get before paying it. There are two stores selling the coupons. In Store A, the
probabilities of getting Coupon 1 and Coupon 2 are both 1/2. In Store B, the probabilities of getting
Coupon 1 and Coupon 2 are 1/3 and 2/3, respectively.

(a) If Coco can only pick one store and pay until she gets all coupons, which store should she go, or
it does not matter?

(b) If Coco can switch a store anytime, what is the best strategy? What is the corresponding expec-
tation of dollars she needs to pay?

5. Bipartite Graph (12 points, 8/4 points for each part)

An undirected graph is called bipartite if its vertices can be partitioned into two disjoint sets L,R such
that each edge connects a vertex in L with a vertex in R (i.e., there is no edge connecting two vertices
in L or two vertices in R).

(a) Design an algorithm to check if a given graph G is bipartite or not.

(b) Prove that ∑v∈L degree(v) = ∑v∈R degree(v)
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6. Lost in the Graph (20 points, 8/12 points for each part)

Consider undirected graphs with multi-edges allowed, and self-loops not allowed. We have proved
that a graph has an Eulerian tour if and only if it is connected (except possibly for isolated vertices)
and every vertex has even degree. In this question we will consider what we can say about graphs that
have a certain number of odd-degree vertices.

(a) Let G = (V,E) be a graph on n vertices. Show that the number of vertices of G that have odd
degree must be even.

(b) Now suppose G is connected and has exactly 2c vertices of odd degree (we know from Part (a)
that this number must be even). Prove that it is possible to find exactly c paths (that can go
through the same vertex more than once) that together cover all of the edges of G exactly once
(i.e., each edge of G occurs in exactly one of the c paths, and that path contains the edge only
once).

7. Participation Score (4 points)

• Download the form from http://www-inst.eecs.berkeley.edu/~cs70/su15/

• Complete the form. For each category, please list around 3, at most 5, the most significant and
concrete contributions.

• Submit the form to Gradescope. The submission is separated from Homework 7. You need
to create another file and submit it to “Participation” assignment on Gradescope. Do not submit
the form to “HW 7” assignment or submit your Homework 7 to “Participation” assignment.

• The deadline is Monday August 10 at Noon (same as Homework 7).

Here are some tips (♥ is better than ♦):

♦ “I asked a lot of questions in discussion sections.”

♥ “I asked some questions in discussion sections. For example, in Discussion 5B, I asked why
pairwise independence does not imply mutually independence?”

♦ “I helped many students in homework parties.”

♥ “I helped other students in homework parties. For example, I reminded another student that the
summation of all probabilities should be 1 for the last question of Homework 5.”

♦ “I posted a lot on Piazza.”

♥ “I contributed on Piazza. I asked X1 questions, where X2 of them were endorsed as good ques-
tions; I provided X3 answers, where X4 of them were endorsed as good answers. The number of
contributions computed by Piazza is X5.”

♥ “I provided solutions to Discussion 2A (@136).”

♥ “I pointed out a typo in lecture note X (@Y ).”

The last 4 homework points in this summer is to answer the following question: Have you submitted
your participation form?

� YES. � NO.

Congratulations on finishing all homework assignments!
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