
CS 70 Discrete Mathematics and Probability Theory
Summer 2015 Chung-Wei Lin HW 1

Due Monday June 29 at Noon
1. Propositions and Quantifiers (30 points, 5 points for each part)

Given x,y ∈ {1,2,3} and the following propositions:

• P0: x < y.

• P1: both x and y are even.

• P2: y is divisible by x and x is odd.

• P3: x = y.

• P4: x+ y < 7.

(a) Take the following table as an example

P0 x
1 2 3

1 F F F
y 2 T F F

3 T T F

and complete the following tables.

P1 x P2 x P3 x P4 x
1 2 3 1 2 3 1 2 3 1 2 3

1 1 1 1
y 2 y 2 y 2 y 2

3 3 3 3

(b) Complete the following table.

P0 P1 P2 P3 P4

∃x∃y Pi T
∃x∀y Pi F
∀x∃y Pi F
∀x∀y Pi F

(c) Prove it or provide a counterexample: for any proposition P, ∃x∀y P =⇒∀x∃y P.

(d) Prove it or provide a counterexample: for any proposition P, ∀x∃y P =⇒∃x∀y P.

(e) Prove it or provide a counterexample: for any proposition P, ∃x∀y P =⇒∀y∃x P.

(f) Prove it or provide a counterexample: for any proposition P, ∀x∃y P =⇒∃y∀x P.
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2. Minesweeper (20 points, 5 points for each part)

In the following 3×3 squares, there is at most 1 mine in each square, and the number in a square is
the number of mines in its neighboring squares (at most 8). Now, four squares have been revealed,
and there is no mine in them. Assume Xi is the proposition that there is a mine in square Si.

S1 2 0
S2 4 1
S3 S4 S5

(a) What can the “2” tell you (without considering the “1” and “4”)? Write the proposition using
the notation covered in class.

(b) What can the “1” tell you (without considering the “2” and “4”)? Write the proposition using
the notation covered in class.

(c) What can the “4” tell you (without considering the “1” and “2”)? Write the proposition using
the notation covered in class.

(d) Can you decide the values of X1, . . . ,X5 such that all of the propositions above are satisfied? List
all possible solutions.

3. Proofs (20 points, 10 points for each part)

(a) If n = 3k + 2 where k ∈ N, then n is not a perfect square (which is of the form m2 for some
integer m).

(b) There is no integer solution to the equation x2− y2 = 10.

4. Proof Checker (15 points, 5 points for each part)

In this problem, you are asked to put yourself in the position of a reader! For each of the “proofs”
below, say whether you think the proof is correct or incorrect. If you think the proof is incorrect,
explain clearly and concisely where the logical error in the proof lies. (If you think the proof is
correct, you do not need to give any explanation.) Recall from the notes and from class that simply
saying that the claim (or the inductive hypothesis) is false is not a valid explanation.

(a) Claim: for all n ∈ N, (2n+1 is a multiple of 3) =⇒ (n2 +1 is a multiple of 3).
Proof: proof by contraposition. Assume 2n+1 is not a multiple of 3.

• If n = 3k+1 for k ∈ N, then n2 +1 = 9k2 +6k+2 is not a multiple of 3.
• If n = 3k+2 for k ∈ N, then n2 +1 = 9k2 +12k+5 is not a multiple of 3.
• If n = 3k+3 for k ∈ N, then n2 +1 = 9k2 +18k+10 is not a multiple of 3.

In all cases, we have concluded n2 +1 is not a multiple of 3, so we have proved the claim.

(b) Claim: for all n ∈ N, n < 2n.
Proof: the proof will be by induction on n.

• Base case: suppose that n = 0. 20 = 1 which is greater than 0, so the statement is true for
n = 0.

• Inductive hypothesis: assume n < 2n.

CS 70, Summer 2015, HW 1 2



• Inductive step: we need to show that n+ 1 < 2n+1. By the inductive hypothesis, we know
that n < 2n. Plugging in n+1 in place of n, we get n+1 < 2n+1, which is what we needed
to show. This completes the inductive step.

(c) Claim: for all x,y,n ∈ N, if max(x,y) = n, then x≤ y.
Proof: the proof will be by induction on n.

• Base case: suppose that n = 0. If max(x,y) = 0 and x,y ∈ N, then x = 0 and y = 0, hence
x≤ y.

• Inductive hypothesis: assume that, whenever we have max(x,y) = k, then x≤ y must follow.
• Inductive step: we must prove that if max(x,y) = k+ 1, then x ≤ y. Suppose x,y are such

that max(x,y) = k + 1. Then, it follows that max(x− 1,y− 1) = k, so by the inductive
hypothesis, x−1≤ y−1. In this case, we have x≤ y, completing the induction step.

5. Induction (20 points, 10 points for each part)

(a) Prove that, for any positive integer n≥ 3, n2 ≥ 2n+1.

(b) Prove that, for any positive integer n≥ 4, 2n ≥ n2.

6. Pizza Flipping (15 points)

Philip J. Fry has a job at the local pizza parlor, where he tends to be a bit distractable. One day, he
has a stack of unbaked pizza doughs and for some unknown reason, he decides to arrange them in
order of size, with the largest pizza on the bottom, the next largest pizza just above that, and so on.
He has learned how to place his spatula under one of the pizzas and flip over the whole stack above
the spatula (reversing their order). The figure shows two sample flips.

initial stack after flipping top two 
pizzas in initial stack

after flipping top five 
pizzas in second stack

This is the only move Fry can do to change the order of the stack; however, he is willing to keep
repeating this move until he gets the stack in order. Is it always possible for him to get the pizzas in
order via some sequence of moves, no matter how many pizzas he starts with and what order they are
originally in? Prove your answer.
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