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In this example, d = 4.
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An easy extension: Assume that everyone has an independent
number D; of friends with E[D;] = d. Then, the same fact holds.
Why? Given X, = k.
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We conclude as before.
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g(X) := E[Y|X] is the function of X that minimizes E[(Y — g(X))?].
Proof:
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‘ Conditional Expectation ‘

v

Definition: E[Y|X] :=Y, yPr[Y = y|X = x]
Properties: Linearity, Y — E[Y|X] L h(X); E[E[Y|X]] = E[Y]

Some Applications:

v

v

Calculating E[Y|X]
Diluting

Mixing

Rumors

Wald

MMSE: E[Y|X] minimizes E[(Y — g(X))?] over all g(-)

Yy vV VvV VvV VY
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Let’s flip a coin with Pr[H] = p until we get two consecutive Hs. How
many flips, on average? Here is a picture:

gi=1=p

p @ p S: Start
H: Last flip = H
ST Ja BV .
g q T: Last flip =T
Ay E: Done

)

Let B(i) be the average time from state 7 until the MC hits state E.
We claim that (these are called the first step equations)

B(S) =1+pB(H)+aB(T)
B(H)=1+p0+qB(T)
B(T)=1+pB(H)+qB(T).

Solving, we find B(S) =2+3qgp '+ ¢°p 2. (E.g., B(S)=6if p=1/2)
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S: Start
P P
@ g 1 H: Last flip=H
T: Last flip =T
KXo E: Done

Let us justify the first step equation for B(T). The others are similar.

N(T) — number of steps, starting from T until the MC hits E.

N(H) — be defined similarly.

N'(T) — number of steps after the second visit to T until MC hits E.
N(T)=1+ZxNH)+(1-Z)x N'(T)

where Z = 1{first flip in T is H}. Since Z and N(H) are independent,
and Z and N'(T) are independent, taking expectations, we get

E[N(T)] =1+ pE[N(H)]+ qE[N'(T)],
B(T)=1+pB(H)+qB(T).

ie.,



First Passage Time - Example 3



First Passage Time - Example 3
You roll a balanced six-sided die until the sum of the last two rolls is 8.



First Passage Time - Example 3

You roll a balanced six-sided die until the sum of the last two rolls is 8.
How many times do you have to roll the die,



First Passage Time - Example 3

You roll a balanced six-sided die until the sum of the last two rolls is 8.
How many times do you have to roll the die, on average?



First Passage Time - Example 3

You roll a balanced six-sided die until the sum of the last two rolls is 8.
How many times do you have to roll the die, on average?
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You roll a balanced six-sided die until the sum of the last two rolls is 8.

How many times do you have to roll the die, on average?

S = Start; £ = Done

¢ = Last roll is ¢, not done

P(5,)=1/6,j=1,..., [
Pll.j)=1/6,7=1...., [
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The arrows out of 3,...,6 (not shown) are similar to those out of 2.
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j=1 j=1 j=1,....6;j#8—i
Symmetry: f(2) =--- = B(6) =: y. Also, (1) = B(S). Thus,

B(S)=1+(5/6)y+B(S)/6; v=1+(4/6)y+(1/6)B(S).
= ...B(S)=8.4
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See Lecture Note 24 for algebra.
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a(i) =Y P(i,j)a(j),i ¢ AUB,
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Solving, we find y(S) =2.5.
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CPriXps1=J| Xo,.... Xo =il = P(i.}),i,j € X
To=min{n>0]| X, € A}

o) = Pr[Ta< Tg|Xo =i]= FSE

B(i) = E[Ta|Xo = i] = FSE

Y(i) = EIL A0 9(X0)| Xo = /] = FSE.

o > 0D



