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Is this good? Better than trying all numbers in {2,...y/2}?
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Proof:

Fact:

First arg decreases by at least factor of two in two recursive calls.
Proof of Fact: Recall that first argument decreases every call.
Case 2: Will show “y > x/2” = “mod(x,y) < x/2.”

mod (x, y) is second argument in next recursive call,
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Euclid’s GCD algorithm.

gcd (x, y)
if (y = 0) then
return x
else
return gcd(y, mod(x, vy))

Computes the ged(x, y) in O(n) divisions.
For x and m, if gcd(x, m) = 1 then x has an inverse modulo m.
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Extended GCD

Euclid’s Extended GCD Theorem: For any x, y there are integers
a, b such that
ax+by=gcd(x,y)=d  where d=gcd(x,y).
“Make d out of sum of multiples of x and y.”
What is multiplicative inverse of x modulo m?
By extended GCD theorem, when gcd(x, m) = 1.

ax+bm=1
ax=1-bm=1 (mod m).

So a multiplicative inverse of x if ged(a, x) = 1!l
Example: For x =12 and y =35, gcd(12,35) = 1.

(8)124+(-1)35=1.
a=3and b=-1.



Extended GCD

Euclid’s Extended GCD Theorem: For any x, y there are integers
a, b such that
ax+by=gcd(x,y)=d  where d=gcd(x,y).
“Make d out of sum of multiples of x and y.”
What is multiplicative inverse of x modulo m?
By extended GCD theorem, when gcd(x, m) = 1.

ax+bm=1
ax=1-bm=1 (mod m).

So a multiplicative inverse of x if ged(a, x) = 1!l
Example: For x =12 and y =35, gcd(12,35) = 1.

(3)12+(~1)35=1.

a=3and b=—1.
The multiplicative inverse of 12 (mod 35) is 3.
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gcd (35,12)
gcd (12, 11) HY gcd (12, 35%12)
gcd (11, 1) ;5 gcd(ll, 12%11)
gcd (1, 0)
1

How did gcd get 11 from 35 and 127
35-3%5]12=35—(2)12 =11

How does gcd get 1 from 12 and 117
12— [B111=12—-(1)11 =1

Algorithm finally returns 1.
But we want 1 from sum of multiples of 35 and 12?

Get 1 from 12 and 11.
1=12—-(N11=12—-(1)(35-(2)12) = (3)12+(-1)35
Get 11 from 35 and 12 and plugin.... Simplify. a=3 and b= —1.
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else
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else
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ext-gcd(x,Vv)
if y = 0 then return(x, 1, 0)
else
(d, a, b) := ext-gcd(y, mod(x,y))
return (d, b, a - floor(x/y) * Db)

Claim: Returns (d,a,b): d = ged(a,b) and d = ax + by.
Example: a— |x/y|-b=
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if y = 0 then return(x, 1, 0)
else
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Extended GCD Algorithm.

ext-gcd(x,Vv)
if y = 0 then return(x, 1, 0)
else
(d, a, b) := ext-gcd(y, mod(x,Vy))
return (d, b, a - floor(x/y) * Db)

Theorem: Returns (d, a,b), where d = gcd(a, b) and

d=ax+by.
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Correctness.
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Review Proof: step.

ext—-gcd (x,y)
if y = 0 then return(x, 1, 0)
else
(d, a, b) := ext—-gcd(y, mod(x,y))
return (d, b, a - floor(x/y) = b)

Recursively: d = ay +b(x— %] -y) = d=bx—(a—|%]b)y
Returns (d,b,(a— LfJ -b)).
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Conclusion: Can find multiplicative inverses in O(n) time!

Very different from elementary school: try 1, try 2, try 3...
2n/2
Inverse of 500,000,357 modulo 1,000,000,000,000? <80
divisions.
versus 1,000,000
Internet Security.
Public Key Cryptography: 512 digits.
512 divisions vs.
(10000000000000000000000000000000000000000000)° divisions.

Next lecture!



