EE 210 Applied EM Fall 2006, Neureuther Lecture #06 Ver 09/10/06

EE243 Advanced Electromagnetic Theory
Lec # 6: Boundary Value Problems (Cont.)

 Finish Separation of Variables in N-1 Dimensions

e Separation of Variables N Dimensions (Eigenfunction)
e {Help with Homework Sets 3 and 4}

Reading: Jackson
2.11 and 3.12
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Separation of Variables: Representation
Jackson 2.9

D%, y,2) = 3 Ay sina,X)sin(,y)sinh(y,,2)

n,m=1

(%, y,2) = 3 B,y sin(a,X)sin(B,y)sinh(y,, (¢ - 2))

n,m=1

* Sum Is over composite eigenvalues in N-1
dimensions

« Note that the boundary conditions for x=0, X = a
and for y=0 and y= b are met by sin behavior

« Note that the boundary conditionsatz=0and z =
¢ have already been applied in sinh behavior.
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Separation of Varlabl

Lecture #06 Ver 09/10/06

es. Source Strategy
Jackson 2.9

View source as beingonz =f
Require @, - ®, =D(Xx,y)/¢, at
Also require at z =f

Multiply each of these eﬂﬁatm

eigenfunctions and integrate ov
Gives two equations relating A, and B, for the same nm.

vy = sx—d
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I Point Source
(d,e,f)

plane.
z="1

Rs)b{) 61@ okithe: E¥ndsite
er X,y Cross-section

)o(y—e)o(z-1)
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Separation of Variables: Source Results
Avm SINN(Y ) + By sinh(y,, (€ - 1)) =0

An COSh(j/nmf)_B COSh(ynm(C_f)):J

__Ha(x y)sm( - jsm(znyjdxdy

d

(%, y) =~ 5(x—d)S(y —e)

&y Jackson 3.12

ql67 . (Zﬂdj ( nej
O = sin sin
gyab a a

e The delta function source makes the source
Integral and expansion trivial
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Separation of Variables: Final Result

D%, y,2) = 3 Ay, sin(a, X)sin(B, y)sinh(7,.2)

n,m=1

(%, y,2) = 3 By sin(a,X)sin(B, y)sinh(7,, (¢ - 2)

n,m=1

Jackson 3.12
» Solve for A, and B, ., and plug in
 Both proportional to o,
» Also involve ratios of sinh and cosh
e See 3.168 pp 129
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Separation of Variables: Final Result
Jackson 3.12

D(X,y,2) = % i A sin(a,X)sin(e,d)sIn(S..y)sin(f.e)
SN2 ) ST (€~ 2)
Yom SINN(Y,,,C)

v = x(12 /a2 +m? /%)

z_ 1S the smaller of z and f
Z. Is the larger of z and f
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Separation of Variables: Eigenfunctions
Jackson 3.12

Vi (%) +[ f (%) + Ay (X) =0
Vi, (X) +[f (X) + 4,1y, (X) =0
|y, ()d*x =5,

 Differential Equation in 3D
 Find eigenfunctions and eigenvalues

* Eigenfunctions are orthogonal and then
normalized
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Separation of Variables: Greens Function
V. ’G(X,X)+[f (X) + 1]G(X,X) = —4z5(X — X)
G(X,X) =, a,(X)y,(X)

28, (XA =4y, (X) = -475(X ~ X))

A —A

o Substitute Eigenfunction expansion for G into PDE and solve
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Separation of Variables: ND Example
(V +k|$nn)l)”|mn (X y Z)_O

Vi (X, Y, 2) = FSIH()SIH(W)SIH(MZ)

Nz’

. X
32 & a

|2 2 2

Lm.n
a’ b* c¢°

e Expansion is in 3 dimensions

e Result for a point source Is very symmetric
In X and X’
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Separation of Variables: Generalization

nat If box has voltages on walls?

nat If Dipole layer?

nat If the source Is distributed on a plane?
nat If source Is distributed In space?

nat If electrodynamics instead of statics?

=Sz =z=s

10
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