EE120 Fall 2016: PS6 Solutions

GSI: Phil Sandborn

Problem 1.
Given: F{x[n]} = X(e/®)

) Flim{xny) = F {10

F Fix* 1 ; 1 oo . _i
Flim{xin)}} = T2 - T = Ly (o) - Ly o x*nlejon
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T{Im{x[n]}} = Z—jX(ejw) _ 5 (Z%oz_oo x[n]ef“’")*

F{im{xnl}) = £ X(e/) = £ X* (/)

b) F{x[-nl} = Tr-_cx[-n]e~/om
Using the substitution: n’ = —n,

Flx[-nl} = Tp__x[n']e/o™

F{x[-n]} = X(e7®)

o) Fl{odd{x[n]}}=7F {@ _ @}

Flodd{x[n]}} = 2 X(e/*) — 2 F{x[-nl}

F{odd{x[n]}} = % x(ei®) - % X(e /@)




Problem 2.
Given this LDE: yln] + %y[n — 1] = x[n]

a)

b)

Frequency Response?
Y(ej“’) + %Y(ej‘“)e_j“’ = X(ej“’)

Y(ej“’) (1 + %e‘j‘“) = X(ej“’)

Y(e/?) _ 1

H(ejw) = X(eJ®) - (1+%e—f“’)

n
Output for x4 [n] = (%) uln] ?
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E=DITaD

Y(e5) = X, (%) H(e/®) =

When taking IDTFT, we have a formula of the form of G(ej“)) = ﬁ, with a frequency-
——e~ w
4

scaling. First we take the inverse transform of G(ej“’) to get a discrete time signal g[n] then

apply the frequency scaling rule to get y[n].
ey—___1
G(e ) (1_le—j[2m])
4
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)

glnl = (%) uln)

G(eiw) =

1\"/2
y[n] = (—) ul[n/2] | for n even, and zero for n odd.

Output for x,[n] = (— —)nu[n] ?
X, () = @
V() = X (/) He) = rrn oyt

_—r
(1+§e—f‘*’)2

This has a form from the DTFT pair table, so we can find the output discrete time signal:

Y(e/®) =

yInl = (n+ 1) (=2) " uln]




d)

f)

Output for x3[n] = &[n] + %S[n —-1] 2
X;(e/®) =1 +%e‘j“)
1

jo) = jo jo) = lo—jo) 1 _
v(e/®) = X3(e/®) H(e#) = (1 +35e7%) e=nh
A constant DTFT has a corresponding pair with a Kronecker delta function, so the output
discrete time signal:

y[n] = 8[n]

Output for x,[n] = §[n] — %6[n —-1]?
Xy(e/?) =1 —%e‘j“’

. . . 1-1e—jw
Y(e]w) = X3 (ejw) H(ejw) = E1+ie—iw§ - (1+li—jw) _%
2 2

e Jjw

(1+%e—f"’)

Using DTFT pairs and properties, we can directly write output discrete time signal and simplify:

ylnl = (=3)" uln) = 36ln - 11+ ((=3)" uln)

2

. , . 1-Lte-jw
Y(ej“’) = XS(eJ‘U) H(elw) = E1+§€_j"’§ (1%2_1,&))
Y(eja)) = L - L e_jw

(1+2e-ia)’ 4 (14ke-ro)’

Using DTFT pairs and properties, we can directly write output discrete time signal and simplify:

ylnl=m+1) (—%)nu[n] — %6[71 —1] = <(n +1) (—%)nu[n]>

yIn] = (n+ 1) (=2) uln] —%(W (-3 un - 1])

y[n] = (—%)n {(n + Duln] + %n ~uln — 1]}

Output for X¢(e/®) = 1+ 2e73/@ ?

. . . —3jw
(o) = xa(el) H(e) = G2
1 e~ 3jw

T ko) T ko)

1

y[n] = (— E)n u[n] + 28[n — 3] {(— E)n u[n]}

2

y[n] = (— %)n uln] + 2 (— l)n_3 uln — 3]
(— %)n (u[n] — 16u[n — 3])




Problem 3.
Part a.

ces ( (%5 {:)
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Part 3b.
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Part 3c.
ces ( e {:) Cos(ﬂ.b V‘)
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Part 3d.

DTFT

o (=rind rcos (l?f“u e L R(e?-Q-> ® r%g[ﬂ—%ﬁ —2vﬂ> #S(ﬂ_+_;2_31_r~2w1)] = Rc(zéﬁ*)
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Problem 4.

. . 1_1 jow
) By = e
L 012 . 1-2ei®
|H(e1w)| = e J® 1_;_}(‘)
. 2 1_le]""
|H(e](1))| = 1—%26_1‘"

b)

. 2 [ 1 [1-2e-J@
e = | [ | -

|[H(e/*)| =1

QED.

We have used the fact that for any complex number, z, |z|?=zz*.
If we let:

i . 1 . . 1 i .
7y = eI =relf1; 2, =1 —Eef“’ =re/%;andz; = 1 —5e Jjo = rei%%,
We can write H(ej“’):

i Z1Z: -
H(e/®) = =2 = "2 exp(6; + 6, — 63)

Z3 T3

We can write £H(e/®) = 6, + 6, — 6,
91 = —w
—1_1 jo_q1_1 _Jg . = _snlw)_ 1
Z, =1 ;6 = 1 > cos(w) 2 sin(w); 6, = atan 2 1—%cos(w)
Z3 = 1-— %e_jw =1- %COS(_(‘-)) — éSln(_(lJ), 93 = atan <_ Sin(z_w) 1 1 ! ( ))
——Cos(—w
2

03

atan sin(w) ; 1
2 1—Ecos(w)

Arctangent is an odd function, so —0, = 65

sin(w) )

cos(w)—2

¢H(e/®) =6, +0,—03=—w+ 2atan(

The input function, x[n] = cos (g n) can be expressed in basis functions:

1 jEn 1 —jEn
x[n] = ~el3t +-e s
Therefore, we can write the output of the system,

()] /(" (e )

efAH(eJE) +le—j§n
2
T iz 11 -z
1 j= 'LH(e 3) 1 —j= 'LH(e 3)
y[n] = Eejsne] +-e znel

LH (ejg) =-Z42 atan< Sin(g)

~\3) \__z2°¢
3 cos(g)—z - 3
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1 % jLH(e ’3)
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ylnl = 23




_i o sin(E)
¢H (e ]3) =7 — 2atan <COS(§§_Z>

1 jonjen/3 4 1 _-jan_—j2n/3
y[n]=5e3e1 +E€ 3 e/

.TT 21

= —¢/H (615) = ?

y[n] = % ej(gn_'_Z?ﬂ) + % e _j(gn_'_Z?Tl)

y[n] = cos (gn + 2?”)
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Problem 5.

a)

b)

h(t) = e ?tu(t)
Take CTFT:
oy 1

Fh®©} = Hi(0) = 75—
Key points on the magnitude
graph:
|H,(jO)| = 1/2

B .
|Hy(£j2)] = 57 (348 point)

/#([2”)} - (77

f by = -a(5)

ha[n] = (1 — e %He " Mu[n]
Take DTFT:

. _,—0.1
DTFT{hy[n]} = Hy(e/?) = 1(_19—671)0
Key points on the
magnitude graph:
|Ha(e7)| =1
|H,(e/™)| = 0.05
Periodicin 1o = Zm I H;((jglﬁ) =/ |+or —2acas(w)
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c) We can make the filters match by selecting a sampling frequency, since () = wﬁSZn
First, normalize H'; jw) = 2H; (jw)
Q345 = 0.1 by inspection. We know Q345 =
125.6 rad/s.
The discrete filter behaves like the continuous time filter inside one period of H, (ejQ). The
period of H, in CTFT variable w corresponds to

Wrilter
q = Yritcer
Wg

w
3dB 27'[, and w = 2. We can solve for w, =
s 3dB S

2T =T

SO Wgiyter is 63 rad/s, or ~10Hz.
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However, it can be seen that the filter only has a monotonic phase response inside +3m rad/s,
so it may be relevant to restrict the bandwidth further if the application called for no dispersion
(linear phase).



