EE120 Fall 2016
HOMEWORK 3 Solutions

GSI: Phillip Sandborn

Problem 1 Solution
For each solution, draw x(7) and flip around T = 0, then slide the result across h(7).
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1.b
Use the same x as part a.
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Analytical convolution gives:

y(t) = fjooox(t —1)h(r)dr = fjom exp(—(t — 7)) u(t — 7) exp(—27) u(r — 2)dr

The integrand is zero unless t — 7 > 0; and 7 — 2 > 0; which require the integration variable, t, to be
t<tandt > 2.

y(t) = [fzt exp(—(t — 7)) exp(—21) dr] u(t—2) = [exp(—t) fzt exp(—1) d‘r] ‘u(t —2)

y(t) = [exp(—=2 — t) — exp(—20)] - u(t — 2)
This gives the sketch above. We include the u(t-2) to account for the zero overlap of x and h before t = 2.



Problem 2 Solution
I1(t) =u(t+%)—u(t—%) comb(t) = Yp—_06(t — 1)

jn:-'} Nzl h:-rf

Part a)
t t 1 t 1 . . . .
I (5) =u (5 + E) —-u (5 - E)' This is a box of height 1 with width 2, centered at zero

comb G) = 6(% (t—4n)) =4 Y- _ 6(t —4n): This is a delta train with spacing 4, and delta
height = 4.

x () =1 (%) * comb G) =/ G) comb (tTTT) dr

Using “flip and drag” method for convolution, x; (t) will be a periodic function with a repeating box of
width 2, height 4, fundamental period T, = 4, and fundamental frequency wg = g:

- i i t
To find a;, we use the analysis equation. C&wb (?)
1 .2 .
ay = Zf—z x,(t) exp (—]k%t) dt
101 .
ay = Zf—l 4 exp (—]k%t) dt

4 [exp(kF)-exp(-7ic)]

ay = f_ll exp (—jk%t) dt = — 2
ag = %sin (kz—n)

For k = 0, we solve the integral: ay = %f_ll 4dt

ao = [, 1dt =2
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Part b)

I (é) =u (é + %) —-u (é — %) This is a box of height 1 with width 6, centered at zero

comb G) = 6(% (t—4n)) = 4Y7-_ 6(t —4n): This is a delta train with spacing 4, and delta
height = 4.

x,(0) =11 (2) * comb G) = ffooo 1| (E) comb (tTTT) dr

Using “flip and drag” method for convolution, x; (t) will be a square wave with a low level of 4 and high
level of 8, fundamental period Ty = 4, and fundamental frequency wy = g:

From this flip-and-slide result, we can see that the function x, (t) can be written: x,(t) = 8 — 411 G)

To find a, we use the analysis equation. a; =
1,2 4 T
Zf—z x,(t) exp (—]k;t) dt

ay = %f_zz [8 — 4T G)] exp (—jk%t) dt
ag =2 f_zz exp (—jk%t) dt — f_zz 1| (%) exp (—jk%t) dt

. (km
_ 4sin(kn) 4 51“(7)
k= k% km

a =—%'fork¢0
k kmr ’

For k = 0, we can solve the integral:

ao=%f_22[8—41'[(§)]dt=f_ZZ[Z—HG)]dt=8—f_22[1'[(§)]dt=8—f_111dt=6

a0=6

T-3
4 sin(g)
——22 does not give the correct answer. We

Kk

4sin(km) 4sin( 2 )
r km

. This result

have to use the previous expression to use L'Hopital properly: a;, =
2

should also give a; = 6. Even though the boxed answer is correct for non-zero k, it is evident that
evaluating at k = 0 will give: 0/0 — 0/0. This should be a cue that we will need to apply L’Hopital’s rule
on both terms!!



Part c)
x3(t) =11 (%) « [1(t — 1) * comb G) =TI(t — 1) * x,(t)

x1(t) is the same as in part a. I1(t — 1) is a box function of width = 1, height = 1, centered at t = 1.

We know from Part a) that the Fourier coefficients of x; (t) are:a; = % sin (kz—n)
If we treat I1(t — 1) as an impulse response of an LTl system, h(t) = I1(t — 1), the output of this system
for an arbitrary input x(t) can be written as:

y(® = 2, x(t ~ Dh(@)dt

For x(t) = exp(jwt), y(t) = ffooo exp(jw(t — T)) II(t — 1)dt
2 exp(lja)t) [

y(©) = exp(joot) [2/2 exp(jar) dt = exp (~jo3) = exp(~jw3)|

—2j
sin(w/2) 1 .
YO =0k ewge *PUCD
So, {exp(jwt)} = sin(/2)_1 Now, we use our synthesis equation for x; (t):

w/z2 exp(jw)
x1(6) = TP ay exp (k5 t)
Write output y using x; (t)

y() = Hie (0} = H (S ax exp (k5 1)} = T acH {exp (jk 5t}

. T . S T _ sin(kz/z) 1 T
Plug in k; for w in the transfer function: H {exp (]k;t)} = kg/zz exp(jkg) exp (]k;t)

e sin(kE/Z) 1 T RS LT
V() = Lie=—oo Ak kg/zz o) P (Jk; t) = Yk=—co @k EXP (Jk;t)
o sin(kz/z) 1 _ 16sin(k£) sin(kE) o
So, the newja’, = a; kg/zz exp(jkg) = 77:22k2 22 exp (—]k E)
alo =2
@' epen =0



Problem 3 Solution

Part A: Fourier coefficients

x1(t) = cosRwyt) x5 (t) = |cos(wyt)|
¥ (€)= Cos 2u,t -
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Find Fourier coefficients of x;:
21 T

x4 (t) is periodic with fundamental period, T = — = —
209 Wy

T

ay = %f(;"_" cos(Rwyt) exp(—jk2w,t) dt

T
ﬁfm_oexp(ijotHexp(—ijot)
2

ay = exp(—jk2wyt) dt

Lo “)O[exp(]wOZ(l k)t) + exp(—jwo2(1 + k)t)]dt

A = 21

Solve for k=+1 and -1,
a, = %f:—o[l + exp(—jwey4t)]dt

Wo [ EXP( ]a)04t)] |

a =
17 2n —jwot

_wo[m] _1 m
_T[[(uo T2 %
“

N 1
Substituting k = -1 leads to the same result, a_; = 3

Solve for other k,

__ wo [exp(jwo2(1-k)t) | exp(—jwo2(1+k)t) mlo
ayx = —[ ] |

2T jwe2(1-k) —jwo2(1+k)

=L[exp(j(l—k)Zn)—l+exp(—j(1+k)2n)—1]

U = 4m; (1-K) —(1+k)

ap = 0fork # £1.

Since the phase of the complex exponentials is always a positive or negative integer multiple of 2m, the
sums always evaluate to O for all k except k = +1 or -1.



Next, find Fourier coefficients for x.:
X, (t) is periodic with fundamental period, T, = wl
0

ay = %fﬁ cos(wgt) exp(—jk2w,t) dt

2wq

(495

T
_ ﬂfm exp(jwot)+exp(—jwot)
T g d_T

. exp(—jk2wyt) dt

2wq

a; = %fﬁ[exp(jwo(l —2k)t) + exp(—jwo (1 + 2k)t)]dt

2wq

T
@ = ﬂ(exp(jwo(l—Zk)t) exp(—jwo(1+2k)t)) lm
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k= onj (1-2k) —(1+2Kk)
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Part B: Time averaged power

We will use Pyyg x = ~ s lx(@®)?dt

Find time averaged power for xi(t)
x1(t) = cosQRQuwot); T = ml

P avgxl =

P avg,x1

P avg,xl — o

P avgxl =

s i (B)12dt

T T

= %fo“"’lcos(Za)ot)Izdt = %fo""’ cos?(Qwyt) dt

T
[ fw_o 14+cos(2-2wyt) dt
2

T

Wy [t sin(4w0t)] wo
0

w12 8wy

P avgxl =

T 2wg

[N n]_l
2

Find time averaged power for x,(t)
s
x2(t) = [cos(wot)|; T = o
0

P avg,xz

P avgx2 =

P avg,x2 — o

P avg,x2 —

s X2 (D)12dt

T T

f‘”olcos(wot)lzdt =2 f"’° cos?(wyt) dt

T
Wy fw_01+cos(2-w0t) dt
2

3

@[E_I_ sin(Z(uOt)] ,6,_0

T |2 4w,

P avg,x2 —

T 2wy
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Part C: Power at Desired Frequency

The desired frequency is 2w,. The k™ Fourier coefficient for x, corresponds to a frequency of ZTLR Tyis
2

the fundamental period of x,, T, = wl
0

— =2w
T, 0
T,w
k=22=1
Vs

Sum of square of Fourier coefficients k =+1 and k = -1:
1 1 2
a=5(1-3) =%

1/-1 2
“—1—;(?“)—;

8
|a1|2 + |a_1|2 - F = 0.09

By Parseval’s Theorem for continuous time periodic signals (OW section 3.5.7, p.205), we know the sum
of squares of the fourier coefficients must be equal to the average power in the periodic signal. The

average power is shown in Part b:
1

P avg,x2 — >

. 2 .
Neglecting ay = —means subtracting |a|? from Paygx2

1

4
Pavg,xz - |a0|2 =T =

Vs

= (0.0947

Therefore, the fraction of time averaged power at 2w, (neglecting the DC term) is approximately

lai|?+la_4|> _ 0.09
0.0947  0.0947

=0.95=95%




Part D: LTI Filter with xa(t)

. . 1
If we have a low pass filter, H(jw) = Py
2w

And we know that x, (t) is expressed by its Fourier coefficients in the form,
x(t) = Yt ak €xp(jk2wyt)

Then the output of the system, y(t), is given by

y(£) = Yit—w aH(jk2w,) exp(jk2wot)

The Fourier series coefficients of y(t) are by:

a 1 2Dk 1
k1+vjk — mi-4k? 1+jk

bk = akH(ij(l)o) =
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b2 = 4 1
k 272 (1—4k2)2
(1+k2)72 (1-4k2)
. 2 . -
The DCtermis by = — The Fourier coefficients of y(t) for k =+1 and -1 are:
2 1 2
by = —— bi|? ==
17 37145 b4 9m2
2 1 2
b =—— b |2 = =
17 3715 |b_1] 92

The fraction of power in the k = +1 and k = -1 components is given (where the total power minus DC is
given by summing all by’s by computer calculation, no simple closed form solution):

|b1|?+|b_4|?

Sore = 0.98 = 98%

Truncating the series at k = +6 and -6 gives a good estimate, since the magnitude of by is proportional to
1/k%.

By using a filter, we get a signal where more of the total power is concentrated at the desired frequency.



Problem 4 Solution

Part A:
x[n] = %6[11 + 1] + &[n] +%(5[n —1],N=16

(3 Nz,

Using the analysis equation for discrete time signals:

ax = %Z<N> x[n] exp (_jk%nn)

Select a period fromn=-7ton =148

ay = %Zﬁzq (%6[71 +1] + 8[n] + %S[n - 1]) exp (—jki—Zn)
Since x is non-zero only when n =-1, 0, or +1, the sum can be written:

ay = % %exp (—jki—g(—l)) + exp (—jki—Z(O)) + %exp (—jki—g(l))]

a = = [1+2 (exp (1% 22) + exp (—jk 22) )

a, = 1—16 :1 + cos (21‘[%)]




Part B:
x[n] =[1,1,1,1,0,0,0,0], N=8

%[n])

Using the analysis equation for discrete time signals:
a1 . 2T

@ 22T oys x[n]exp (—jk )

Select a period fromn=0ton=+7

Ay = 12771:0(5[11] +8[n—1]+8[n—2]+6[n—3])exp (—jkz?”n)

T8

@ = 1 X3gexp (~jkn) = 1x3 o wn = 1 (1)

1-w
1 [ 1—exp(—jkm) 1 ., 5T Sin(kz_n)
a =5\ o) = 590 UK T)
4

o) ()

Y

Sin(k—n)
2

. (kn)
sin|\—
8

1
la| iy

Since x is non-zero only when n =0, 1, 2, or 3, the sum could also be written:
ax = %[exp (—jk%’r (0)) + exp (—jk%n(l)) + exp (—jk%”(Z)) + exp (—jk%n(B))]

For k = 0, the sum simplifies:
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