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Discussion 3: (jra;%ical Convolution and CT Fourier Series

1. Graphical Convolution | ‘

Consider Problem 3e from PS2.

Given input, x(t) = &(t) + %5(t -+ ié(t — 2), and impulse response, h(t) = e~ tu(t), find the

output using the convolution integral,

y(t) = J x(t — h(r)dt
Using the convolution integral, we found that this convolution has the form:
1 1
y(t) = e u(t) + Ee-(t—l)u(t -1+ Ze'(t'z)u(t -2)

The “flip-and-slide” method of convolution is like watching the input “slide into™ the system. If we flip
x(1) about 7 = 0 and slide it to the right, we can see that the first impulse “hits” h(z) att = 0. Att = 1,
we’ve slid the flipped version of x(t) by 1 unit, and the 2" impulse “hits” h(7). At t = 2, we’ve slid the
flipped version of x(7) by 2 units, and the 3 impulse “hits” h(T).

Practice the following graphical convolutions:

(a) Let h(t) be a time-shifted delta function: A(t) = Jf(t) — 3). Let x(t) be a “tent function™:
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Find x(t)*h(t) graphically. 2 .,. t

(b) Let x[n] be a ramp starting at zero (x[n] = n - u[n]) and let h[n] be two delta functions:
h[n] = &[n] + 6[n — 1]
Find x(t)*h(t) graphically.
Check your graphical result with the analytical result. // ~
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2. Continuous Time Fourier Series
The Fourier Series coefficients for a given periodic signal, x(t), are given by the analysis equation:
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1 _ilm,
ay = —f x(t)e *Tdt
T <T>

Where T is the fundamental period of x(t). The signal can be written using the Fourier coefficients in the
synthesis equation:
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x(t) = Z ake]thdt

k=—o

Prove the following properties of CT Fourier Series:

(a) Linearity: Given x(t) © ai and y(t) & by both periodic with fundamental period T,
show z(t) = Ax(t) + By(t) o C = Aak + Bby,
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(b) Time-shifting: Given x(t) & a; with fundamental period T, y(t) = x(t — ty),

show y(t) & by, = e_ij_TTEth
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(c) Time-scaling: Given x(t) « a; with fundamental period T, y(t) = x(at), \—\
show y(t) © by = a; Lt Fent AT = “‘JJL
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(d) Consider a quarter-period cosine: c QED

(@) Zn( 1)<t<2n( 1)
xl(t)z{COS @o Wy " 8 Wy n+§

0 otherwise

This looks like a “truncated” cosine. Find the Fourier Series coefficients of this signal.
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