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MODULATION

Fourier Transform Defined

Important Fourier Transforms

X ω( ) x t( )e jωt– t        ω rad/sec–,d

∞–

∞

∫=

x t( ) 1
2π
------ X ω( )ejωt ω  t sec–,d

∞–

∞

∫=

X f( ) x t( )e j2πft– t      f Hz–,d

∞–

∞

∫=

x t( ) X f( )ej2πft f       t sec–,d

∞–

∞

∫=

x t( ) 1≡ X ω( ) 2πδ ω( )= X f( ) δ f( )=

x t( ) δ t( )= X ω( ) 1≡ X f( ) 1≡

x t( ) t( )sgn= X ω( ) 2
jω
------= X f( ) 1

jπf
-------=

x t( ) u t( )= X ω( ) 1
jω
------ πδ ω( )+= X f( ) 1

j2πf
----------

1
2
---δ f( )+=

x t( ) δ t kT0–( )

k ∞–=

∞

∑= X ω( ) 2π
T0
------ δ ω kω0–( )∑= X f( ) 1

T0
------ δ f kf0–( )∑=

x t( ) Xnejnω0t∑= X ω( ) 2π Xnδ ω nω0–( )∑= X f( ) Xnδ f nf0–( )∑=
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Fourier Transform Properties

Hilbert Transform: 

             

Let 

Signal FT(f) FT(ω)

Linearity

Delay

Flip

Conjugate

Modulation

Time scale

Convolution

Multiply

Differentiate

Integrate

Duality

Real

Real, Even

Real, Odd

x y, X f( ) Y f( ), X ω( ) Y ω( ),

αx βy+ αX βY+ αX βY+

Dτx X f( )e j– 2πfτ X ω( )e jωτ–

x t–( ) X f–( ) X ω–( )

x* X* f–( ) X* ω–( )
ej2πf0tx t( ) X f f0–( ) X ω ω0–( )   ω0, 2π=

x at( ) 1
a
-----X

f
a
--- 

  1
a

-----X
ω
a
---- 

 

x * y X f( )Y f( ) X ω( )Y ω( )

x t( )y t( ) X * Y( ) f( ) 1
2π
------ X * Y( ) ω( )

x· j2πf( )X f( ) jω( )X ω( )

x s( ) sd

∞–

t

∫ u * x t( )=
1

j2πf
----------X f( ) 1

2
---X 0( )δ f( )+

1
jω
------X ω πX 0⁄+( )δ

x t( )                              X f( )↔
  X t( )                              x f–( )↔

x t( )   X ω( ) ↔
X t( )   2πx ω–( )↔

x t( ) real X f( ) X f–( )*= X ω( ) X ω–( )*=

x t( ) x t–( ) real,= X f( ) X f( ) real,= X ω( ) X ω–( ) real,=

x t( ) x t–( ) real,–= X f( ) X f–( ) imag,–= X ω( ) X ω–( ) imag,–=

x Cont Signals x̂ Cont Signals∈→∈

x̂ x * 
1
πt
-----

 
 
 

=
h t( ) 1

πt
-----=

t

X̂ ω( ) X ω( ) FT
1
πt
-----

 
 
 

⋅ j sgn ω( ) X ω( )⋅–= =

X̂ f( ) X f( ) FT
1
πt
-----

 
 
 

⋅ j sgn f( ) X f( )⋅–= =

z x jx̂+=

Z ω( ) X ω( ) jX̂ ω( )+ 2X ω( )u ω( )= =

Z f( ) X f( ) jX̂ f( )+ 2X f( )u f( )= =
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Let 

1. What is modulation?

A modulator is a system:

 is usually time-varying; may be linear (AM) or non-linear (FM)

Example 1 – (Shortwave broadcast) AM

w x jx̂–=

W ω( ) X ω( ) jX̂ ω( )– 2X ω( )u ω–( )= =

W f( ) X f( ) jX̂ f( )– 2X f( )u f–( )= =

Modulator
message signal modulated signal

m t( ) t R∈, x t( ) t R∈,

carrier signal
e.g., 2πfctcos

carrier frequency

Channel
x t( )

“noise”

corrupted version of

x t( )
Demodulator

m̂ t( ) m t( )≅

version of
   carrier

H m t( )( )[ ] t( ) x t( )=

modulated
   signal

message
 signal

H

AM

m t( )
voice

2π 3 106t××[ ]cos

x t( ) m t( ) 2π 3 106t××[ ]cos=

M f( )

15 kHz

03 106×– 3 106×
Hz

⇑

1
2
--- M f 3 106×–( )

0 3 106×
Hz⇑

3– 106×

1 2⁄1 2⁄

Demodulator
  Receiver

m t( )

2π 3 106t××[ ]cos

x t( )

ionosphere
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Example 2 – “Cheap” modem

2. Assumptions

A. . Assume  is bandlimited to . Also, , all .

B. . Assume  is bandpass signal centered around  and with bandwidth .

C. . We say that  is a narrowband signal.

3. Why modulation?

A. Propagation. It may not be possible to transmit a baseband signal.

1 0 1 01
 FSK

modulator

2πf1tcos 2πf0tcos

x t( )

x t( )m t( )

0V
+5V

1 0 1 01Telephone
 channel

Demodulator
x t( )

H f( )

f1f0

f

m t( ) M f( )↔ m f Bm Hz< m t( ) 1≤ t

M f( )

Bm– Bm

f Hz

x t( ) X f( )↔ x fc Bx

fc– fc

Hz

X f( )

Bx

Bx fc« x
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B. Channel sharing

C. Noise immunity: FM better than AM. Go to EECS 121.

4. Linear Modulation (Modulation is a linear system) (but not time invariant!)

A. Double side band AM (DSB-AM)
Objective

Idea

Better idea

Note, .

Berkeley
 Central
  Office

   SFO
 Central
  Office

MA

3K

MB f( )MB f( )

3K

MA f( )

3KA

B

…… x

1
2
--- MB f f2–( )

channel 1 channel 2

1
2
--- MA f f1+( )

−8K −4K 0 f2f1
8K4K

"common trunk"

M f( )

2Bm Bm

f 0fc– fc

Modulator

m t( ) ej2πfct m[ ] * ej2πfct[ ]↔⋅

M f( ) * δ f fc–( ) M f fc–( )= =

M f( )

0
f * ⇑

fc fc

f
=

0

M f fc–( )

x t( ) m t( ) 2πfctcos=m t( )
⊗

2πfctcos

M f( )1

Bm

* =
fcfc–

⇑
fcfc–

X f( )

Bx

2B= mX f( ) 1
2
--- M f fc–( ) M f fc+( )+{ }=

1
2
---

1
2
---

⇑
1
2
---

1
2
---

Bx fc«
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Demodulation

Difficulty A

Demodulation must have local oscillator (at ) where phase is “locked” to carrier. This requires a phase-

locked loop: Suppose there is a phase difference:

,

then

Cheap Solution: DSB with large carrier (DSB-LC)

Suppose . Let  ( ) modulation index. Let

z t( )x t( )
⊗

2πfct[ ]cos

LPF
y t( )

fc

⇑
fc–

X f( )

1
2
---

1
2
---

*

1
2
---

1
2
---

Y f( )

Bm
02fc– 2fc

1

4
---1

4
---

1
2
---

fc

X f( ) ⇑

Y f( ) X f( ) * 
1
2
--- δ f fc–( ) δ f fc+( )+[ ]=

1
2
---M f( ) 1

4
--- M f 2fc–( ) M f 2fc+( )+{ }+=

y t( ) x t( ) 2πfctcos m t( ) 2πfctcos( )2= =

1
2
---m t( ) 1

2
---m t( ) 4πfctcos+=

1 z t( )y t( )

Bm

Z f( ) 1
2
---M f( )=

z t( ) 1
2
---m t( )=

fc

y t( ) x t( ) 2πfct θ+[ ]cos⋅=

z t( ) 1
2
--- θcos m t( )⋅=

can drift!!!

m t( ) 1≤ µ 1 < 0.8∼
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 is high frequency  sinusoid whose “envelope” is .

 is the “envelope.”

Exercise: Determine  and show the envelope detector works.

Drawback: 

Difficulty B

DSB and DSB-LC consume bandwidth , i.e., twice message bandwidth.

Idea: Make  by: 

x t( ) 1 µm t( )+[ ] 2πfct( )cos=

2πfct µm t( ) 2πfctcos+cos=

X f( )

fc– fc

1
2
---µ M f fc–( )

1
2
---

1
2
---

⇑ ⇑
x t( )

1 µm t( )+[ ]
µm t( )

tt

1
2
---µ M f fc+( )

Rectifier LPF
y t( ) x t( )=

z t( )
x t( )

envelope detector

y t( )

x t( ) fc( ) 1 µm t( )+[ ]

z t( ) 1 µm t( )+[ ]≅

Y f( ) Z f( ),

Px
1
2
---      

1
2
--- µ2Pm+=

Pcarrier Psignal

Efficiency
Psignal

Px
---------------

µ2Pm

1 µ2Pm+
----------------------- 50%<= =

Bx 2Bm∼

Bx Bm∼
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Scheme 1 

Scheme 1 requires filters with sharp cut-off.

Scheme 2 – Phase Shift Method

Idea – Review Hilbert Transform   

Bm

Xu f( )

fc– fc

Mf  
SSB

modulation

upper “sidebands”

Xd f( )

fc– fc

“lower” sidebands

OR

xm t( )
⊗

2πfctcos

y
filter

fcfc–

M f( ) 1
2
---

Bm

fcfc–

Xu f( )

0

1

fcfc–

fcfc–

1

0 fcfc–

Xd f( )

freq response

OR

1

Bm0

M f( )

m t( ) M f( )↔

m t( ) jm̂ t( ) M f( ) jM̂ f( )+↔+

2M f( )u f( )=

2

Bm

m t( ) jm̂ t( )+{ }ej2πfct 2M f fc–( )u f fc–( )↔
2

fc0

xu t( ) := Re m t( ) jm̂ t( )+( )ej2πfct[ ]

M f fc–( )u f fc–( ) M f– fc–( )u f– fc–( )+=

fcfc–

Xu f( )

0
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Similarly: 

SSB-U Demodulator 

AM Receiver: Superheterodyne

AM band: 

AM Receiver:

In principle,

xu t( ) Re m t( ) jm̂ t( )ej2πfct+[ ]=

m t( ) 2πfct m̂ t( ) 2πfctsin–cos=

fcfc–

1

xd t( ) m t( ) 2πfct m̂ t( ) 2πfctsin+cos=

↔

⊗

⊗
⊕

HTF
j fsgn–

oscillator
m t( )

xu

m̂ t( )

2πfctcos

2sin πfct

90° φ-shifter

±

+

⊗ LPF
xu y t( )

2πfctcos

z t( )

xu t( ) m t( ) 2πfct m̂ t( ) 2πfctsin–cos=

y t( ) 1
2
---m t( ) 1

2
---m t( ) 4πfct

1
2
---m̂ t( ) 4πfctsin–cos+=

z t( ) 1
2
---m t( )=

2fc2fc– Bm

LPF
1
2
--- Y f( )

550 - 1600 kHz                        

10 kHz = Maximum frequency



Tunable
   BPF

Demod.
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Difficulties:

1) large gain

2) sharp filters 

Solution:   Let  (1000 kHz)

Stereo

   

20 kHz

1000 kHz
0

ωc 2ωI :  image+( )

R. F.
amp ⊗ IF amp Demod.

L.O.

station
selection

455 kHz
ωI

ωc

ωc ωI+

ωc
2ωc ωI ωI⁄+

ωI

1455 kHz

ωc 2π=

Frequency
   × 2

⊗
~

L,R

0

l t( )

r t( )
+

+

+

+

−

+

+

ω

ω0 t( )cos

m t( )

l t( ) r t( )+

ω0 2π 1.9 kHz⋅=

2ω0 t( )cos

l t( ) r– t( )

2π 15 kHz⋅

M ω( )
L+R 19 kHz

L−R

0 15 kHz 3823 53

     FM
transmitter

  FM
receiver m t( )

88 MHz - 108 MHz
m t( )
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Note:

• compatible
(stereo on mono receiver ⇒ mono reception)

• reverse compatible
(mono on stereo receiver ⇒ mono reception)

TV

BW: 485 lines in 2 fields + 2 × 20 line durations (vertical retrace)

× 30/sec. ⇒ line frequency:  

  

LPF 0 - 15 k

BPF 23 - 53

19 k filter Freq ×2

⊗ LPF 0 - 15

l r+

2r2l

m t( )

+

−+

+

l r–

 stereo
indicator

f2 15750 lines/sec=

1
2
3

243
244

485243

3 4×

t

y t( )

one line =
53.5µsec. 5µsec.= Horiz. synch.

10µs
=Blanking

100%

white   12.5%

black      75%

Bandwidth:

worst case: BWBW ...

⇒              

In practice: 4.2 MHz

525 525
4
3
--- 30 points/sec.×××

1
2
--- 525 525× 4

3
--- 30×× 5.5 MHz=
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VSB (Vestigial Side Band)

Envelope Detection: (with residual carrier)

Envelope for  large , e.g., TV:

Thus:

Also: Sound = 10 kHz max.

FM

Modulation: 

Exponential Modulation

⊗

H ω ωc+( ) H ω ωc–( )+ 1=

ωc

H ω( )
0 0 ωc 0

ωcω– c

⊗ LPF
y t( )

ω t( )

00

y t( ) k ωct SSB g t( ) ωctsin–+cos=

VSB

k m t( )+( ) ωct m̂ t( ) g t( )+( ) 2πf0sin–cos=

k k m t( )+∼−
4.2−1.25 0

4.2−4.2 0
ω

Y ω( )   Brightness

B 80 kHz∼−

z t( )( )

4.75−1.25 0 4.2
4.5

2 ω( ) video + audio (BW)=

Modulation

2πfctcos

m t( ) x t( ) = A 2πfct θ t( )+[ ]cos

m t( ) 1∈
Bm
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A. Phase Modulation

B. Frequency Modulation

Narrowband PM/FM

Assume , so

 

So

NB-PM: .  So,

θ t( ) φ∆ m t( )⋅=

x t( ) A 2πfct φ∆ m t( )⋅+[ ]cos=

φ∆ π≤[ ]

phase deviation constant

θ t( ) 2πf∆ m s( ) sd

0

t

∫=

θ· t( ) 2πf∆ m t( )⋅=

x t( ) A 2πfct 2πf∆ m s( ) sd

0

t

∫+cos=

frequency deviation constant

or

AM-LC

FM

PM

m

x

x t( ) 2πfct θ t( )+[ ]cos Re ej 2πfct θ t( )+[ ]{ }= =

θ t( ) 1«

ejθ t( ) 1 jθ t( ) j2

2!
-----θ2 t( ) j3

3!
-----θ3 t( ) …++++=

neglect
1 jθ t( )+≅

x t( ) Re 1 jθ t( )+[ ]ej2πfct{ }≅

2πfct θ t( ) 2πfctsin–cos=

θ t( ) φ∆m t( )=
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Time domain comparison between DSB-LC and narrowband PM:

[Amplitude of phasor in NB-PM case is !]

NB-FM

(1)

(2)

x t( ) 2πfct φ∆m t( ) 2πfctsin–cos=

X f( ) 1
2
--- δ f fc–( ) δ f fc+( )+{ } φ∆

1
2j
----- M f fc–( ) M f fc+( )–{ }⋅–=

1
2
--- δ f fc–( ) δ f fc+( )+{ } 1

2
---φ∆ j M f fc–( ) M f fc+( )–{ }⋅+=

M f( )
1

fc

1
2
---

1
2
---

⇑ ⇑X f( )

φ∆
1
2
--- jM f fc–( )

M f( )
fc–

1
2
---φ∆ jM f fc+( )

fc

⇑ ⇑X f( )

fc–

looks like amplitude spectrum
     of DSB-AM-LC!!

x t( )

µm 2πfctcos

2πfctcos

DSB-LC

NB-PM

2πfctcos

φ∆m t( ) 2πfctsin–

x t( )

1 φ∆
2 m t( )2+( )1 2/ 1 θ2 t( )+( )1 2/ 1∼ ∼− −

x t( ) 2πfct θ t( )+[ ] 2πfct θ t( ) 2πfctsin–cos≅cos=

θ t( ) 1«

θ t( ) 2πf∆ m s( ) sd

0

t

∫⋅=

θ t( ) 1 m has no dc component,  M f( )
f 0=

0=⇒«[ ]

1( ) X f( )⇒ 1
2
--- δ f fc–( ) δ f fc+( )+{ } 1

2j
----- Θ f fc–( ) Θ f fc+( )–{ }–=

2( ) Θ f( )⇒ 2πf∆
M f( )
j2πf
-----------⋅ j–  f∆

M f( )
f

-----------⋅= =
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So,              

NB-Modulation

  

NB-FM-Demodulator

First, do representation of NB signals.

Definition: , is a real NB signal with carrier  if  for  and :

Theorem: Let  be a real NB signal with carrier . Let  of . Then  have the representation

where  vary slowly compared with . Let

then                        .

X f( ) 1
2
--- δ f fc–( ) δ f fc+( )+{ }

f∆
2
----

M f fc–( )
f fc–

---------------------
M f fc+( )

f fc+
----------------------–

 
 
 

+=

f
Bm

M f( )
f

----------- α=

f

M f( ) α f=

Bm

→

fc

⇑ ⇑X f( )

fc–

1
2
---1

2
---

f∆α 2⁄
f∆α
2

--------

x t( ) 2πfct θ t( ) 2πfctsin–cos=

f∆
0

t

∫⋅φ∆
θ t( )m t( ) θ t( )m t( )

FMPM

⊗ ⊕

oscillator

θ t( ) x t( )−
+

2πfctsin
2cos πfct

x t( )   t R∈, fc X f( ) 0= f fc–
1
2
---Bx> Bx fc«

fc
0fc–

f
X f( )

1
Bx

x fc x̂ HT= x x x̂,

x t( ) A t( ) 2πfct θ t( )+[ ]cos=

x̂ t( ) A t( ) 2πfct θ t( )+[ ]sin=

A θ, fc

z t( ) := x t( ) jx̂ t( )+[ ]e j2πfct–

z t( ) A t( )ejθ t( )   and   Z f( ) 0   f
1
2
---Bx>,= =
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Proof

 

Suppose , then  vary slowly. Also

Example

x t( ) jx̂ t( ) X f( ) jX̂ f( )+↔+ 2X f( )u f( )=

z t( ) Z f( )↔ 2X f fc+( )u f fc+( )=

2 X f( )u f( )

Bx

fc

2 Z f( )

Bx

0

2

0

z t( ) A t( )ejθ t( )= A θ,

x t( ) Re z t( ) ej2πfct⋅[ ] A t( ) 2πfct θ t( )+[ ]cos= =

x̂ t( ) Im z t( )ej2πfct[ ] A t( ) 2πfct θ t( )+[ ]sin= =

X f( )
1

111010–11–

Z f( ) 2

10
f

fc 10 Bx, 2= =

z t( ) f
 1–

Z[ ] Z f( )ej2πft f = 2 fej2πft

0

1

∫d

∞–

∞

∫= = df

… 1

πt2
-------- ej2πt 1 2πjt–( ) 1–{ }= =

1

πt2
-------- 2cos πt 2πt 2sin πt 1–+( ) + j 2πt 2πt 2πtcos–sin( ){ }=

θ t( ) tan 1– 2πt 2πt 2πtcos–sin
2πt 2πt 2πt 1–sin+cos

----------------------------------------------------------=

A t( ) 1

πt2
--------[ 2πt 2πt 2πt 1–sin+cos( )2 2πt 2πt 2πtcos–sin( )2}+ 1 2/=

x t( ) A t( ) 20πt θ t( )+[ ]cos=

x̂ t( ) A t( ) 20πt θ t( )+[ ]sin=
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Demodulating NB-PM

“Wideband” PM/FM

Suppose  

Then       

“index of modulation” =:  

⊗
x t( ) z t( ) 1

2
---φ∆m t( )–=

2πfctsin

y t( )
LPF
Bm

x t( ) 2πfct φ∆m t( ) 2πfctsin–cos=

y t( ) 2πfct 2πfct φ∆m t( ) 2πfctsin[ ]2–sin⋅cos=

1
2
---φ∆m t( ) 1

2
--- 4πfct

1
2
---φ∆m t( ) 4πfctcos+sin+–=

where 
1
2
---φ∆m t( )– z t( )=

Y f( ) 1
2
---φ∆M f( ) 1

4j
----- δ f 2fc–( ) δ f 2fc+( )–{ }+–=

1
4
---φ∆ M f 2fc–( ) M f 2fc+( )+{ }+

2– fc 2fc

1
4
---φ∆ M f 2fc–( )

1

4
---

⇑ ⇑
Bm

1
2
---φ∆ M f( )Y f( )

m t( )
Am 2πfmtsin PM

Am 2πfmtcos FM






=

θ t( )
Amφ∆ 2πfmtsin PM

Am

f∆
fm
----- 2πfmtsin FM









=

β 2πfmtsin

x t( ) 2πfct β 2πfmtsin+[ ]cos=

2πfct( ) β 2πfmtsin( ) 2πfct( ) β 2πfmtsin( )sinsin–coscos=

periodic with period fm
 1–
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Exercise

So for pure tone message signal:

 

Approximate 

For FM, define   derivative ratio

For PM, define  

β 2πfmtsin( )cos J0 β( ) 2Jn β( ) n2πfmtcos

n 0>
∑+=

eveneven

  a0      an n2πfmcos

n

∑+ t

β 2πfmtsin( )sin 2Jn β( ) n2πfmtcos

n 0>
∑=

odd n odd

    bn

n

∑ n2πfmtsin

Jn β( ) 1
2π
------ ej β λ nλ–sin[ ] xd

π–

π

∫=

x t( ) J0 β( ) 2πfctcos=

Jn β( ) 2π fc nfm+( )t[ ] 2π fc nfm–( )t[ ]cos+cos{ }
n 0>

n even

∑+

Jn β( ) 2π fc nfm+( )t[ ] 2π fc nfm–( )t[ ]cos–( )cos{ }
n 0>
n odd

∑+

fc 2fm+fc0

1
2
---J0 β( )

t
fc–

1 2⁄ J1 β( )

1 2⁄ J3 β( )
1 2⁄ J2 β( )

fc fm+J2 β( )–
J1 β( )–

1 2
10 15

J0 β( )

J10 β( )

β

J1 β( )
J2 β( )

1

Bx

D
f∆
Bm
-------=

D φ∆=
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(Note: For pure tone )

Carson’s Rule: If  or , then

Example – For commercial FM broadcast

So Carson’s rule gives

Actually  

Compare  for FM vs. AM!!!

FM-Demodulator

Suppose  

  obtained by envelope detection, then suppress dc to get :

Bm fm D, β= =

D 1« D 1»

Bx 2 D 1+( )Bm≅

Bm 15 kHz,   f∆ 75 kHz,   D f∆ Bm 5=⁄= = =

Bx 2 6 15×× 180 kHz= =

Bx 240 kHz∼−

Bx

LTI
H f( )

x t( ) 2πfct θ t( )+[ ]cos= y t( )

H f( ) a b2π f+ a b j2πf( ) j fsgn–( )+= =

Y f( ) H f( )X f( ) aX f( ) b j2πf( ) j fsgn–( ) X f( )( )+= =

y t( ) ax t( ) b
d
dt
----- x̂ t( )( )+=

a 2πfct θ t( )+[ ]cos b
d
dt
----- 2πfct θ t( )+( )sin{ }+=

a b2πfc bθ· t( )+ +[ ] 2πfct θ t( )+[ ]cos=

where θ· t( ) f∆m t( )=

a b2πfc bf∆m t( )++ bf∆m t( )

t

a b2πfc bf∆m t( )++


