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EECS 120
MODULATION

Fourier Transform Defined

X(w) = Ix(t)e—i‘*’tdt, w — rad/sec

—00

x(t) = %TIX(w)eiwtdw, t—sec

—00

X(f) = J’x(t)e-JZTfftdt, f —Hz

—00

x(t) = IX(f)ejzmtdf, t—sec

Important Fourier Transforms

x(t) =1 X(0) = 21d(w) X(f) = &(f)
x(t) = 8(t) X(w) =1 X(f)=1
_ _ 2 _ 1
X(t) = sgn(t) X(w) = % X(f) = =
x(t) = u(t) X(w) = j_(l_D+T[6(w) X(f) = j_él?[f+%5(f)
X(t) = Z O(t—kTp) X(w) = %26(w—kwo) X(f) = T—lo zé(f—kfo)
k=—o
x(t) = aneincoot X(w) = ZHZXné(w—nwo) X(f) = an5(f_nfo)
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Fourier Transform Properties

Signal FT(f) FT(w)
X,y X(f), Y(f) X(w), Y(w)
Linearity ox+ By aX+BY aX+BY
Delay DX X(f)e-2mt X(w)e 0t
Flip X(-t) X(f) X(~w)
Conjugate X X* () X" (—w)
Modulation &/ 2oty (1) X(f—f,) X(0-wy), Wy = 21
Time scale X(at) éx%% éx%’%
Convolution X*y X(F)Y(f) X(w)Y(w)
Multiply X(y() (X* Y)(T) o= (X* V()
Differentiate X (21F)X(f) (o) X(w)
t
_ 1 1 1
Integrate I X(s)ds = u * x(t) j—Z—T—[fX(f) + EX(O)é(f) j—(-DX(w + 11X/ 0)d
_ x(t) o X(f) t) o X

Dudity X(1) - x(~f) >><(8 - 2T(D(?()—(,o)
Real x(t) real X(f) = X(-f)* X(0) = X(-w)"
Real, Even X(t) = x(-t), red X(f) = X(f), red X(w) = X(—w), rea
Real, Odd X(t) = =x(-t), red X(f) = =X(-f),imag  X(w) = —X(—w), imag

Hilbert Transform: x 0 Cont Signals — X O Cont Signals

O

1

X =Xx*
g

[
/;
=
—_ N
1]
=l

() = X(w) FTEE 0= - son(®) X(w)
(Had

5 010_
X(f) = X(f) FTO= 0= — syn (f) OX(f
(f) = X() e i sgn () DX(f)

Letz = x+jX
Z(w) = X(w) +jX(w) = 2X(w)u(w)

Z(f) = X(f) +jX(f) = 2X(f)u(f)
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Letw = x—jX
W(w) = X(w) —jX(w) = 2X(w)u(—w)
W(f) = X(f)—jX(f) = 2X(f)u(-f)

1. What is modulation?

message signal modulated signal
» Modulator >
m(t),t0R x(1),tOR

Tcarrier signal
e.g., cos2tf t

= carrier frequency

x(t) corrupted version of m(t) Om(t)
—» Channel o Demodulator
X(t

T“noise” Tversio,n of
carrier

A4

A modulator is a system:

[H(mT(t))](t) = x(t)

message  modulated
signal signal

H isusually time-varying; may belinear (AM) or non-linear (FM)

Example 1 — (Shortwave broadcast) AM

m(t) X(t) = m(t)cos[2m x 3 x 106t]
voice AM q 1
M) 5IM(f~3x 109)|

6 /\/\ " } \, /\/\ Hz
m cos{arx 3> 107 -3 x 106 0 3x 106
|

172 172

D ' % D Hz

A
—3x106 0 3x 106

ionosphere

m(t)

IDemodulator]
Receiver

cos[ 21t x 3 x 106t]
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Example 2 — “Cheap” modem

,/ m(t) x(t)
. I'4
+g¥/ 1lof[1][1]o0 ' '
FSK T ) .
| modulator > (1)

cos2rf,t cosZTrfot

1{0|1}f1|0

x(t) Telephone

— chandl »{Demodulator >
IH(D)
Llf
fo f1
2. Assumptions
A. m(t) o M(f). Assumem idandlimited to |f| < B, Hz . Also,m(t)| < 1 , allt .
IM(f)]
} | f Hz
_Bm Bm

B. X(t) -~ X(f). Assumex ibandpasssignal centered arourfd  and with bandwiBth

IX(F)l

.<—Bx—>|

C. B, «f.. We say thak is marrowband signal.

3. Why modulation?
A. Propagation. It may not be possible to transmibaseband signal.
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B. Channel sharing
M|

VAUE

3K E

>
>)

Centrd Central
Office Office
B E ‘MB(f)| "commgn trunk" m\ﬁ
[ A4
3K
' channel 1+ channdl 2
I<—>E<—>j/%|MB(f—f2)|
N AN
-8k —4K ‘ 0 f, 4 8K

f2
1
SIMA(T + 1)

C. Noiseimmunity: FM better than AM. Go to EECS 121.

4. Linear Modulation (Modulation isalinear system) (but not time invariant!)

A. Double side band AM (DSB-AM)
Objective

IM(®)

A Modulator > /\ ~ : ~ A
] 1 f —f 0 f

T T Cc Cc
2B «—>»B
Idea
m(t) 2™ o g[m] * g2
= M(f) * d(f—f;) = M(f-f)
Mm(f
IM(D) M(E—1)
/Y\ ¢ , 1 - .~ /\<
0 fo 0 f
C
Better idea
m(t) — X(t) = m(t)cos2mf_t
L
TcosanCt
1 M%) 1 1
()* 2 2_% IX ()] %
} [ A—n [ - /\‘\/—'v
B _fc c _fc fc
—»I B, l—
1 = 2B
X(f) = 5{M(f=f) + M(f + )} m

Note, B, « fc .
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Demodulation

t t t
x(t) 0 y(t) LPE >Z()
Tcos[ZTrfct]
1 1 1 1
2 2 2 2
f * X(f
/\N'X()'w/g\ 1 xan fﬂ
c _fc c

1
1 2 |Y() z
N SN

—2f, 0 B, 2f,
Y(0) = X(0) * S[8(1—F0) + (1 +1)]
- %M(f) " %{ M(f—2f) + M(f + 2f )}
y(t) = x(t)cos2mf t = m(t)(cos2mf t)?
- %m(t) +%m(t)cos4rrfct
Z(f) = Em(f)
Ll X
Bm 2(t) = 5m(t)
Difficulty A

Demodulation must have local oscillator fat ) where phase is “locked” to carrier. This requires a phase-

locked loop: Suppose there is a phase difference:
y(t) = x(t) Ocos[2mf t + 6],
then

2(t) = E cose} C(t)

can drift!!!
Cheap Solution: DSB with large carrier (DSB-LC)
Supposem(t)] <1 .Lepu<1 [{0.8 modulation index. Let
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X(t) = [1+ pm(t)] cos(2rf t)

cos2mf t + um(t) cos2tif t

1
. 1
§“|M(f+fc)|\/;ﬂ\ IX(F)|
eV (a3
_fC

1
fC

[1+um(t)]

A~

envelope detector

A

X(t) y(t) = [x(t)l

Rectifier

z(t)

LPF

l IMM M”H/ y(t)

X(t) is high frequencyf.) sinusoid whose “envelope[ s+ pm(t)]

z(t) O[1+ um(t)] is the “envelope.”

Exercise DetermineY(f), Z(f) and show the envelope detector works.

Drawback: P, = :—ZL + %usz
I:)carrier Psignal

. 2
I:)S|gnal - H Pm <50%
P, 1+ szm

Efficiency =

Difficulty B
DSB and DSB-LC consume bandwidg [12B

Idea: Make B, 1B, by:

, i.e., twice message bandwidth.
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|Mf | upper “sidebands”

ssB 1Xy(1) w
— >
modulation A N , N \
I
Bm —fc fc
OR
“lower” sidebands
N o M
N (a2
_fc fc
Scheme 1
m(t X
O Y e

cos2rtf .t K
freq response

1 Xu(f)
S AN
IM(F)| % H ¢ ) fe
B= /I\ A—A /l\ OR
m —f. fe 1 ,\x d(f)A
J—I_O_> _fC M fc
_fc fc

Scheme 1 requires filters with sharp cut-off.
Scheme 2 Phase Shift Method
Idea— Review Hilbert Transform

1
/\<||V|(f)|
m(t) « M(f) . .

m(t) +ji(t) « M(f) +jM(f) r\
= 2M(f)u(f) I
Bm
. 2
{m(t) +jm(}y &Mt o am(F—f )u(ff,) [\
A

x,(t) := Re[m((t) + jm(t))e ™)

= M(f—f)u(f—f.) + M(—f—f)u(-f—f,)

/N
Y } N
_fC 0 fC
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x,(t) = Re[m(t) +jm(t)e 2™e!]

m(t) cos2mf .t —M(t) sin27f .t

Similarly:
X4(t) = m(t) cos2mf t + m(t) sin2mf t

90° @-shifter

HTF M
—j sgnf

m(t)

SSB-U Demodulator

X

! ? YO e Ly 2

cos2rtf .t

X,(t) = m(t) cos2mf t —m(t) sin2mf t

1 1 1. ]
y(t) = ém(t) +ém(t)cos4rrfct—§m(t)sn4rrfct

2(t) = :—Zlm(t)

LPF

1

A LA TN

—2f B 2f

C m Cc

AM Receiver: Superheterodyne

AM band: E 550 - 1600 kHz

0 10 kHz = Maximum frequency

L— Tunable Demod. ——>—

BPF

AM Receiver:
In principle,
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Difficulties:

1) large gain
20 kHz
2) sharp filters ! _’l JAN r/_\
° 1000 kHz

Solution: (w, + 2w, : image) Let w, = 21 (1000 kHz)
&)

C f wl
i w0, 20, + 0/ Wy |
?mg ——>—1[ ]—>| IFamp Demod. —»
| / 455 kHz
W
L.O.
W, + W, 1455 kHz
station
selection
Stereo
+ [(t) +r(t
0 (1 +r(
+ + +
m(t)
+ +
s o |
r(t) — Ll 4
7'y wy = 2mL.9 kHz
coswy(t)
cos2wy(t) L
L,R

v
N\ Frequency
x 2
> W

1 »

| |
0 2n 5 kHz

L-R

M(w)
L+R  19KHz /\

1,

| ] |
0 15 kHz 23 38 53

m(t) —»| FM j

transmitter | gg MHz - 108 MHz

FM
L receiver  [—>— (1)
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LPFO-15k

m(t)

BPF 23 - 53 > —»LPFO0-15
19 k filter Freq x2 stereo
indicator
Note:
e compatible

(stereo on mono receiver I mono reception)

* reverse compatible
(mono on stereo receiver [1 mono reception)

TV
BW: 485linesin 2 fields+ 2 x 20 line durations (vertical retrace)

x 30/sec. U line frequency: f, = 15750 lines/sec

oneline= _
black  75% 53.5sec. >[4 SHsec.= Horiz. synch.
ac 0

white 12.5%

>t
Bandwidth:
525 x 525 x g x 30 points/sec.
worst case: BWBW ...
O 3 525525 £ x 30 = 5.5 MHz

In practice: 4.2 MHz
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VSB (Vestigial Side Band)

L] H(w) ———
L7
e

H(w+ (o::;c+ Hw-w,) =1

UV clsNunls iunl
L]

v

0 LPF —»

y(t)

Envelope Detection: (with residual carrier)
y(t) = kcosw_t+ SSB —g(t)sinwt
- Y -/
VSB

= (k+m(t)) cosw,t — (M(t) + g(t)) sin2rtf,,

A

Envelopefor k large Hk+ m(t), eg., TV: _/X

-125 4.2

Thus:
. Y(w) Brightness

A

' » W

4.2 0 42

Also: Sound = 10 kHz max.
B 0080 kHz
FM

Modulation: (z(t))
2(w) = video + audio (BW)

TN

—125 lo 42 | 475
4.5
Exponential Modulation
m(t x(t) = Acos[2mf .t + B(t
(—>) Modulation —>( ) [2tct + 8 (V)]
Im(t)| O 1
B T cos2rtf .t

m
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A. Phase Modulation

phase deviation constant
8(t) = @, (1)
X(t) = Acos[2mf t + @, [IM(1)]

[‘(PA‘ <

B. Frequency Modulation

frequency deviation constant

t
a(t) = 2TrfAJ’m(s)ds

0
or  f(t) = 2mf, Om(t)

X(t) = Acos

t
2mif t + 2TrfAJ'm(s) ds]
0

pd A S m

AM-LC %WM_ X
PV AAMA-  AHAAAR
PV AR WA

Narrowband PM/FM
X(t) = cos[2mf t +6(t)] = Re{ ei[ZTrfCHe(t)]}

Assume |B(t)| « 1, so

. i2 i3
d00) = 1+j8(t) + 5;02() + 503(1) + ..

~"
neglect
01+j6(t)

x(t) ORe{[1+j8(t)]&/?Me!}
= cos2tf t —6(t)sin2mf t

NB-PM: 6(t) = @,m(t). So,
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x(t) = cos2mf t —@,m(t)sin2rf t
X(f) = %{ S(f—f.) +3(f+1)} —@, mzl_j{M(f_fC)_M(f+fc)}

_ %{B(f—fc) FO(f+1)} + %(pA O{M(F—f) —~M(f + )}

M) DziM(T—T,)

/‘\1 D% X(f) \/{ﬁ\
| T T

NI

1 IM(f)
§(pA M(f+ 1))
IX(F)l
AN AN
_fc fc
looks like amplitude spectrum
of DSB-AM-LC!!
Time domain comparison between DSB-LC and narrowband PM:
cos2tif t
® > X(t) DSB-LC
—»
Hmcos2rf t
x(1) NB-PM
_(pAm(t)sinZTﬁCtV
. cos2rtf .t g

[Amplitude of phasor in NB-PM caseis (1 + @Zm(t)2)¥/2 0(1 + 62(t))Y/2 011]
NB-FM
|0(t)] «1

v
X(t) = cos[2mf t + 6(t)] Ucos2mf t—O(t)sin2mf t o
1

t

o(t) = 2mf, EJ'm(s)ds -
0
[18(t)] « 10 m has no dc component, M(f)| _ ,= 0]

(1) 0 X(f) = %{ o(f—f.) +o(f +1.)} —211.{ o(f-f,) —o(f+ 1)}

_ ) _ . (f)
(2)0 o(f) = 2TrfAE£.\—/|2—TF = fAEM?—
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1 faoM(f=f) M(f+f) 0O
So, X(f) = s{o(f-f)+o(f+f)} + =0 — 0
2 c c ZD f_fC f+fC 0
‘M‘ =aq
IM(f)l = alf| f
V Bm f Bm f
1 1
2 2 an
O faa/2 X)) 0
R [T
_fc fc
NB-M odulation
X(t) = cos2mf t—06(t)sin2mf t
m(t) (1) m(t) T o(t)
—> O — fa . -
PM FM
(t) - x(t)
—[] > - >

oscillator

NB-FM -Demodulator
First, do representation of NB signals.

Definition: x(t), t0OR,isarea NB signal with carrier f if [X(f)] = O for ‘f—fc‘ > %BX and B, «f_:
|¢—By—>|
1

IX(F)l

: A . ~ .
—f 0 f

Cc Cc
Theorem: Let x bearea NB signal with carrier f.. Let X = HT of x. Then x, X have the representation
X(t) = A(t)cos[2mf t + B(t)]
X(t) = A(t)sin[2tf t + O(t)]

where A, 8 vary slowly compared with f . Let

(1) := [x(1) +] ()] e

then 2(t) = A)e®D and |Z(f) = 0, [f >%BX.
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Proof
X(t) +jX(t) o X(f) +jX(f) = 2X(f)u(f)

2(t)  Z(f) = 2X(F+f)u(f +f,)

2/X(f)u(f) ) , 1z

} % } }
0 f 0

c

| ¢— By—>| |«— By—>|
Suppose z(t) = A(t)el®(1)  then A, 8 vary slowly. Also
X(t) = Re[z(t) [@?™] = A(t)cos[2m t + B(1)]

x(t) = Im[z(t)e?™] = A(t)sin[2mf t + O(1)]

Example
Z(f) 2
1
‘ X(f) ‘
f
-11 -10 10 11 0 1
fo=10,B, = 2
o 1
Z(t) = f_l[Z] = J'Z(f)ejZT[ftdf = 2J'fej2T[ftdf
o 0
= = Ligom !
= = ;Z{el (1-2mt) -1}
- mAZ{(COSZTH'Fzmsmzm—l) + j(sin2mt — 2t cos21tt) }
A = miZ[(COSZ“”2m9n2m—1)2+(snzm—zmcoszrrt)z} 12
- _1 SN2ttt — 21t cos2rtt
o) = tan cos2mt + 2mtsin2mt — 1
x(t) = A(t)cos[ 20Tt + 6(t)]
K(t) = A(t)sin[207tt + B(1)]
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Demodulating NB-PM

1
X(t) 0 y(t) %PF 2(t) = —5@,m(t)
sin2mf t

X(t) = cos2mf t —@,m(t)sin2rf t

y(t) = cos2mf_ t Csin2mf t — ,m(t)[ sin27tf ;]2

1 1. 1
= —§¢Am(t) + Esn4rrfct + é(pAm(t) cos4f t

1
where —écpAm(t) = z(t)

Y(f) = —%%M(f) + %{B(f—ch) —3(f +2f )}

¥ %cpA{ M(f—2f.) + M(f + 21 )}

_|Y_(f)|_ %¢A|M(f)|

/N

~2f, B
“Wideband” PM/FM
U .
O AmanTrfmt PM

Suppose m(t) =
DAmCOSZTl'fmt FM

O

O .

EAm(pAanTrfmt PM
Then o(t) = O fa

0 Ap—sin2mft  FM

o M

“‘index of modulation” =:Bsin2mf .t

x(t)

cos[2mf t + Bsin2mf, t]

~
periodic with period f -1

cos(2mf t) cos(Bsin2mf t) — sin(2mf t)sin(Bsin21  t)

ﬂ—l

1
3 1 _
P
~
2f,
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/c‘os(BsinZTrfmt) = Jo(B) + Z 2J,,(B) cosn2rtf t
o o
\T) W_}
a, + Z a,cosn2t t
n
sn(Bsin2mf t) = z 2J,,(B) cosn2rtf _t

n>0
odd n odd

Y
Z b,sinn2rf, t
n

Exercise

Tt
3.(B) = %‘[J’ al[BsinA —nA] gy
Tt

So for pure tone message signal:
X(t) = Jo(B)cos2rf t
+ z J,(B){ cos[2m(f, + nf )t] + cos[2m(f . —nf )t]}

n>0
neven

+ Z J(B){ cos([2m(f + nf )t] — cos[2m(f - nf )t])}

n>0
n odd
230(B)
1/23,(B)
1/232(3)
| T t o—c
—fcll* 0 lfc \r f +2f
-J,(B)
-J,(B)
v ! /Jz<B> /Jlo(s)
f \o f \'l B
12
< 10 15

Approximate B,

fn
— derivativeratio
Bm

For FM, define D

For PM, define D Qp
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(Note: For puretone B, = f,, D = B)
Carson’s Rulelf D« 1 or D » 1, then
B, 02(D +1)B,,
Example — For commercial FM broadcast
B, = 15kHz, fy = 75kHz, D =f,/B,=5
So Carson'’s rule gives
B, = 2x6x15 = 180 kHz
Actually B, L240 kHz
CompareB, for FM vs. AM!!!

FM-Demodulator

X(t) = cos[2mf t + 6(t)] 71 y(t)
" H(f) >

SupposeH(f) = a+b2nlf| = a+ b(j2nf)(— sgnf)
Y(f) = H()X(f) = aX(f) + b(j2mf)(—j sgnf) (X(f))

y(t)

ax(t) + b (x(1)

a cos[ 2Tt + B(t)] + b(%{ sin(2mf t +6(1))}

[a+ b27, + bB(t)] cos[ 27T t + B(1)]
where 6(t) = fym(t)

a+ b2mf. + bf,m(t) obtained by envelope detection, then suppress dc tof gei(t)

a+b2mf_ + bfym(t)
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