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The z-Transform
Chapter 10 in Oppenheim & Willsky

X(z) ,
∞

∑
n=−∞

x[n]z−n (1)

X(z)
∣∣∣
z=ejω

= X(ejω) : DTFT (2)

The DTFT converges if the ROC for the z-transform includes the unit
circle z = ejω:

Re

Im

ejω

ω

Example 1: x[n] = anu[n]

X(z) =
∞

∑
n=0

anz−n =
∞

∑
n=0

(az−1)n =
1

1− az−1 if |az−1| < 1︸ ︷︷ ︸
ROC: |z|>|a|

DTFT:
X(ejω) =

1
1− ae−jω if |a| < 1        

           
         

         
       

         
         

          
          
             
        
         

          
           

      
         

        
             
           

              
             

         
        
       
         

       
         
          

           
      

        
        

        
         

       
          

          
        

        
       

       
       

        
           

          
        

        
          

     

  
          

       
          
        

         

             
           

         
       

          
        

       
   
        

         
         

       
        

        
         
          

          
       

      
        

         
       

       
       

         
         

         
       
    

         
        

         
         

         
        

         
             

         

          John	  Ragazzini	  
	  	  	  (Columbia)	  

Yakov	  Tsypkin	  
	  	  	  	  (Moscow)	  

Eli	  Jury	   Lo�i	  Zadeh	  

Berkeley EECS Profs 
Dear	  Murat,	  
[…]	  I	  am	  pleased	  to	  learn	  that	  you	  are	  talking	  about	  z-‐transforma�on	  in	  your	  lecture	  on	  	  
Monday.	  […]	  My	  paper	  with	  Ragazzini	  was	  published	  in	  1952.	  Ragazzini	  was	  my	  Ph.D.	  	  
supervisor.	  […]	  In	  the	  period	  before	  the	  paper	  was	  published	  there	  was	  a	  growing	  recogni�on	  	  
that	  sampling	  a	  signal	  was	  an	  important	  part	  of	  signal	  processing.	  Sampling	  played	  a	  key	  role	  
in	  Shannon's	  work.	  At	  that	  �me,	  it	  occurred	  to	  me	  that	  it	  was	  natural	  to	  look	  at	  sampling	  as	  a	  
convolu�on	  of	  a	  signal	  with	  a	  sequence	  of	  delta-‐func�on,	  transforming	  the	  signal	  into	  what	  	  
was	  called	  the	  z-‐transform.	  I	  used	  the	  le�er	  z	  not	  because	  of	  my	  name	  but	  because	  in	  the	  	  
mathema�cal	  literature	  on	  difference	  equa�ons,	  z	  was	  the	  symbol	  that	  was	  used.	  […]	  
Sincerely,	  Lo�i	  

Prof. Zadeh: 

z-‐Transform	  developed	  in	  the	  1950s:	  

Figure 1: Berkeley EECS emeritus
professor Lotfi Zadeh (above) and
former professor Eliahu Jury (below)
were among those who developed the
theory of z transforms in the 1950s.
Research in sampled systems was in
part motivated by radar which came to
prominence during World War II.

Re

Im unit
circle

ROC

a

Poles and zeros: X(z) = z
z−a → pole at z = a, zero at z = 0.
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Example 2: x[n] = −anu[−n− 1]

X(z) =
−1

∑
n=−∞

−anz−n =
∞

∑
n=1
−a−nzn

= 1−
∞

∑
n=0

(a−1z)n

= 1− 1
1− a−1z

if |a−1z| < 1

=
−a−1z

1− a−1z
=

1
1− az−1 ROC : |z| < |a|

Re

Im

ROC

a

DTFT converges is |a| > 1.

Example 3: x[n] = −
(

1
2

)n
u[−n− 1] +

(
−1
3

)n
u[n]

X(z) =
1

1− 1
2 z−1

+
1

1 + 1
3 z−1

=
z

z− 1
2
+

z
z− 1

2
=

2z(z− 1
12 )

(z− 1
2 )(z +

1
3 )

|z| < 1
2

|z| > 1
3︸ ︷︷ ︸

ROC: 1
3<|z|< 1

2

Re

Im

− 1
3

1
2

Example 4: x[n] =
(

1
2

)n
u[n]−

(
−1
3

)n
u[−n− 1]

ROC = {z : |z| > 1
2} ∩ {z : |z| < 1

3} = ∅

Example 5: x[n] = an, a 6= 0.

x[n] = anu[n] + anu[−n− 1]

ROC = {z : |z| > a} ∩ {z : |z| < a} = ∅

Properties of the ROC
Section 10.2 in Oppenheim & Willsky

1) A ring or disk in the z-plane, centered at the origin.

2) ROC does not contain any poles.

3) For finite duration sequences, ROC is the entire z-plane, except
possibly z = 0 or z = ∞.
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Example 6:

a)

n

1 X(z) = 1 + z−1 + z−2 =
z2 + z + 1

z2

ROC excludes z = 0 because of the
pole at z = 0.

If x[n] 6= 0 for some n > 0, ROC excludes z = 0.

b)

n

1 X(z) = z2 + z+ 1

ROC excludes z = ∞.

If x[n] 6= 0 for some n < 0, ROC excludes z = ∞.

c) x[n] = δ[n] → X(z) = 1 and ROC is the entire z-plane, including
z = 0 and z = ∞.

4) If x[n] is right-sided (x[n] ≡ 0 ∀n < N1, for some N1) and if |z| = r0

is in the ROC, then all finite values of z for which |z| > r0 are also in
the ROC. (Ex 1)
z = ∞ included if N1 = 0. (Ex 6)

5) If x[n] is left-sided (x[n] ≡ 0 ∀n > N2, for some N2) and if |z| = r0

is in the ROC, then 0 < |z| < r0 is also in the ROC. (Ex 2)

z = 0 included if N2 = 0. (Ex 6)

6) If x[n] is two-sided and if |z| = r0 is in the ROC, then the ROC is a
ring that includes |z| = r0. (Ex 3)

The following hold when X(z) is rational:

7) ROC is bounded by poles or extends to infinity.

8) If x[n] is right-sided, ROC extends from the outermost pole to ∞.
z = ∞ included if N1 = 0.
If x[n] is left-sided, ROC extends from the innermost nonzero pole to 0.
z = 0 included if N2 = 0.
For a two-sided sequence, the ROC is a ring:
Inner bound: Pole with largest magnitude that contributes to the
right side.
Outer bound: Pole with smallest magnitude that contributes to the
left side.
(Ex 3)
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Inverse z-Transform by Partial Fraction Expansion

Example:

X(z) =
1(

1− 1
4 z−1

) (
1− 1

2 z−1
) =

A1

1− 1
4 z−1

+
A2

1− 1
2 z−1

A1 =

(
1− 1

4
z−1
)

X(z)|z= 1
4
= −1

A2 =

(
1− 1

2
z−1
)

X(z)|z= 1
2
= 2

1)

ROC

− 1
4

1
2

x[n] =
[

2
(

1
2

)n
−
(

1
4

)n]
u[n]

2)

x[n] = −
[

2
(

1
2

)n
−
(

1
4

)n]
u[−n− 1]

3)

x[n] = −2
(

1
2

)n
u[−n− 1]−

(
1
4

)n
u[n]

How to perform a PFE in general?

X(z) =
b0 + b1z−1 + . . . + bMz−M

a0 + a1z−1 + . . . + aNz−N , a0 6= 0

Suppose unrepeated poles: d1, d2, ..., dN .

If M < N,

X(z) =
N

∑
k=1

Ak
1− dkz−1

If M ≥ N,

X(z) =
M−N

∑
r=0

Brz−r +
N

∑
k=1

Ak
1− dkz−1

⇓

x[n] =
M−N

∑
r=0

Brδ[n− r] +
N

∑
k=1

Akdn
k u[n]︸ ︷︷ ︸

if right-sided

Example:

X(z) =
1 + 2z−1 + z−2

1− 3
2 z−1 + 1

2 z−2
M = N = 2

= B0 +
A1

1− 1
2 z−1

+
A2

1− z−1
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Matching coefficients: A1 = −9, A2 = 8, B0 = 2.

x[n] = 2δ[n]− 9
(

1
2

)n
u[n] + 8u[n].

Differentiation (in z-domain) Property:

x[n] Z←→ X(z) ROC = R (3)

nx[n] Z←→ −z
dX(z)

dz
ROC = R (4)

Proof: X(z) =
∞

∑
n=−∞

x[z]z−n

dX(z)
dz

=
∞

∑
n=−∞

−nx[n]z−(n+1) = −z−1
∞

∑
n=−∞

nx[n]z−n

∞

∑
n=−∞

nx[n]z−n = −z
dX(z)

dz

Example:

anu[n] Z←→ 1
1− az−1

nanu[n] Z←→ −z
d
dz

{
1

1− az−1

}
= z

az−2

(1− az−1)2 =
az−1

(1− az−1)2

Back to Partial Fraction Expansions: If dk is a pole of multiplicity
two, include two terms:

Ak1

1
1− dkz−1 + Ak2

dkz−1

(1− dkz−1)2

l
(Ak1 + Ak2 n) dn

k u[n]

Example: X(z) =
− 1

2 + z−1

(1− 1
2 z−1)2

M = 1
N = 2

|z| > 1
2

= A11
1

1− 1
2 z−1

+ A12

1
2 z−1(

1− 1
2 z−1

)2

=
A11 +

1
2 (A12 − A11) z−1(
1− 1

2 z−1
)2

A11 = − 1
2

1
2 (A12 − A11) = 1

}
A12 =

3
2

x[n] =
(
−1

2
+

3
2

n
)(

1
2

)n
u[n]
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Signal Transform ROC

δ[n] 1 all z

δ[n−m] z−m all z except z = 0 if m > 0,
all z except z = ∞ if m < 0

u[n] 1
1−z−1 |z| > 1

−u[−n− 1] 1
1−z−1 |z| < 1

anu[n] 1
1−az−1 |z| > a

−anu[−n− 1] 1
1−az−1 |z| < a

nanu[n] az−1

(1−az−1)2 |z| > a

−nanu[−n− 1] az−1

(1−az−1)2 |z| < a

cos(ω0n)u[n] 1−cos(ω0)z−1

1−2 cos(ω0)z−1+z−2 |z| > 1

sin(ω0n)u[n] sin(ω0)z−1

1−2 cos(ω0)z−1+z−2 |z| > 1

rn cos(ω0n)u[n] 1−r cos(ω0)z−1

1−2r cos(ω0)z−1+r2z−2 |z| > r

rn sin(ω0n)u[n] r sin(ω0)z−1

1−2r cos(ω0)z−1+r2z−2 |z| > r

Table 1: z transforms of several func-
tions.
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