CS 70 Discrete Mathematics for CS
Fall 2006 Papaclimitriou & Vazirani Lecture 23

Variance

Question: At each time step, | flip a fair coin. If it comes up Heads, | watie step to the right; if it comes
up Tails, | walk one step to the left. How far do | expect to htnaweled from my starting point after
steps?

Denoting a right-move by-1 and a left-move by-1, we can describe the probability space here as the set
of all words of lengthn over the alphabef+1}, each having equal probabilitﬁg. Let the r.v.X denote our
position (relative to our starting point 0) aftemoves. Thus

X = X+ Xz + -+ X,

+1 if ith toss is Heads;
—1 otherwise.

whereX; = {

Now obviously we have &) = 0. The easiest rigorous way to see this is to note t#t)E= (3 x 1) + (3 x
(—1)) =0, so by linearity of expectation(K) = S ; E(X;) = 0. Thus aften steps, my expected position
is 0! But of course this is not very informative, and is duelte fact that positive and negative deviations
from O cancel out.

What the above question is really asking is: What is the explecalue offX|, ourdistance from 0? Rather
than consider the r.yX|, which is a little awkward due to the absolute value operaterwill instead look
at the r.v.X2. Notice that this also has the effect of making all deviatifnom 0 positive, so it should also
give a good measure of the distance traveled. However, bedhis thesquared distance, we will need to
take a square root at the end.

Let's calculate EX?):
E(X?) = B((a+Xo+ -+ +X0)?)

= E(3{L1 X+ Tiz X X))

=S E(X?) + Yz E(XX))
In the last line here, we used linearity of expectation. Tacped, we need to computéX?) and EXX;)
(fori # j). Let's consider firsK?. SinceX; can take on only valuesl, clearlyX? = 1 always, so EX?) = 1.
What about EXX;)? SinceX; and X; are independent, it is the case that &X;) = E(X)E(X;) = 0.
Plugging these values into the above equation gives

E(XX?)=(nx1)+0=n.

So we see that our expected squared distance from.00se interpretation of this is that we might expect
to be a distance of aboytn away from 0 aften steps. However, we have to be careful here:caenot

1The following fact was proved in class at the same time as weegt linearity of expectation (Lecture 20): Fodependent
random variableX,Y, we have EXY) = E(X)E(Y). If you missed the proof in class, you should try to prove irgelf from the
definition of expectation, in similar fashion to the proofidfeorem 20.1. Note that(RY) = E(X)E(Y) is falsefor general r.v.s
X,Y; as an example just look af(Kiz) in the present example.
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simply argue that BX|) = \/E(X2) = \/n. (Why not?) We will see shortly (see Chebyshev’s Inequality
below) how to make precise deductions ab{tfrom knowledge of EX?).

For the moment, however, let’'s agree to vie\(\XE) as an intuitive measure of “spread” of the . In
fact, for a more general r.v. with expectatio®d = p, what we are really interested in ig& — u)?), the
expected squared distanicem the mean. In our random walk example, we had= 0, so B (X — )?) just
reduces to EX?).

Definition 23.1 (variance) For ar.v.X with expectation EX) = u, the variancef X is defined to be
Var(X) = E((X — u)?).

The square root/Var(X) is called the standard deviatiarf X.

The point of the standard deviation is merely to “undo” theatng in the variance. Thus the standard
deviation is “on the same scale as” the r.v. itself. Sinceviméance and standard deviation differ just by a
square, it really doesn’t matter which one we choose to watlk as we can always compute one from the
other immediately. We shall usually use the variance. Ferg#mdom walk example above, we have that
Var(X) = n, and the standard deviation Xfis \/n.

The following easy observation gives us a slightly difféareray to compute the variance that is simpler in
many cases.

Theorem 23.1 For ar.v. X with expectation E(X) = u, we have Var(X) = E(X?) — 2.
Proof: From the definition of variance, we have

Var(X) = E((X — p)?) = E(X? = 2uX + p?) = E(X?) — 2UE(X) + p® = E(X?) — p*.

In the third step here, we used linearity of expectation.

Let's see some examples of variance calculations.

1. Fairdie. LetX be the score on the roll of a single fair die. Recall from atiedecture that EX) = %
So we just need to computeX¥?), which is a routine calculcation:

1 91
E(X?) = 5 (124 22+ 32 +4°+5°+6°) = -

Thus from Theorem 22.1

Var(X) = E(X?) — (E(X))? = %1— ? = i—g

2. Biased coin. Let X the the number of Heads imtosses of a biased coin with Heads probabifity
(i.e.,X has the binomial distribution with parametexg). We already know that &) = np. Writing
1 ifithtoss is Head;
as usuaK = X3 + Xp + - - + X, WhereX; = " O_SS s hea we have
0 otherwise
E(X?) = E((X1+ X2+ -+ -+ X%n)?)
=YL EOP) + i E(XX))
= (nx p)+(n(n—1) x p)
= n?p?+np(1-p).
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In the third line here, we have used the facts théx% = p, and that EX;X;) = E(X)E(X;) = p?
(sinceX;, X; are independent). Note that there afe— 1) pairsi, j withi # j.

Finally, we get that VaiX) = E(X?) — (E(X))? = np(1 — p).> As an example, for a fair coin the
expected number of Headsiirtosses is;, and the standard deviationw‘/g

3. Poisson distribution. Let X have the Poisson distribution with parameteiVe saw in the last lecture
that EX) = A. And we also have

E(X?) = Z}zf/\__)\ lee A(i(i_l o )\' 1 +i o AL >:}\(}\+1),

[Check you follow each of these steps. In the last step, we hated that the two sums are respec-
tively E(X) andy; PriX =i] = 1]

Finally, we get VafX) = E(X?) — (E(X))2 = A. So, for a Poisson random variable, the expectation
and variance are equal.

4. Number of fixed points. Let X be the number of fixed points in a random permutationitéms (i.e.,
the number of students in a class of sireho receive their own homework after shuffling). We saw
in an earlier lecture that(X) = 1 (regardless afi). To compute EX?), write X = Xg + Xo 4 - - - + X,
wherex; — 1 ifiis a'flxed point;
0 otherwise
Then as usual we have

- S0+ 5 X)) ®

SinceX; is an indicator r.v., we have tha{E?) = Pi{X = 1] = 1. In this case, however, we have to be
a bit more careful about (& X;): note that wecannot claim as before that this is equal tog)E(X;),
becauseX; and X; are not independent (why not?). But since biftandX; are indicators, we can
compute EX;X;) directly as follows:

E(XiXj) = PriX; = LA Xj = 1] = Prjbothi and j are fixed points=

1
n(n—1)
[Check that you understand the last step here.] Pluggisgrito equation (1) we get

E(X?) = (nx )+ (n(N—1) x o) =1+1=2

Thus VarX) = E(X?) — (E(X))?=2—1=1. l.e., the variance and the mean are both equal to 1.
Like the mean, the variance is also independemt dftuitively at least, this means that it is unlikely
that there will be more than a small number of fixed points evban the number of items, is very
large.

Chebyshev’s Inequality

We have seen that, intuitively, the variance (or, more ablirethe standard deviation) is a measure of
“spread”, or deviation from the mean. Our next goal is to mike intuition quantitatively precise. What
we can show is the following:

2Notice that in fact VaX) = 5; Var(X;), and the same was true in the random walk example. This isiméacoincidence, and
it depends on the fact that the are mutually independent. See Problem 1 on Homework 11n 8@ independent case we can
compute variances of sums very easily. Note that this ike'ttse, however, in example 4.

CS 70, Fall 2006, Lecture 23 3



Theorem 23.2 [Chebyshev’s Inequality] For a random variable X with expectation E(X) = u, and for
any o > 0,

Var(X)
PI’[|X—[J|ZCX]§ (12 .

Before proving Chebyshev’s inequality, let’s pause to aerswhat it says. It tells us that the probability of

any given deviationgr, from the mean, either above it or below it (note the absolatee sign), is at most

V%(ZX). As expected, this deviation probability will be small iethiariance is small. An immediate corollary

of Chebyshev’s inequality is the following:

Corollary 23.3: For a random variable X with expectation E(X) = u, and standard deviation o =
v/ Var(X),
1
Pr|X—pu[>Bo] < ik

Proof: Pluga = o into Chebyshev’s inequalityd

So, for example, we see that the probability of deviatingnfithe mean by more than (say) two standard
deviations on either side is at mo%t In this sense, the standard deviation is a good working itiefinof
the “width” or “spread” of a distribution.

We should now go back and prove Chebyshev’s inequality. Toefpvill make use of the following simpler
bound, which applies only toon-negative random variables (i.e., r.v.'s which take only value®).

Theorem 23.4 [Markov’s Inequality] For a non-negativeandom variable X with expectation E(X) = p,

and any o > 0,

PriX > a] < @
a

Proof. From the definition of expectation, we have

E(X)=3Y,axPiX=a
> Ya>q@X PIIX =2
2 AYa>a PriX =4
=aPrX > a].
The crucial step here is the second line, where we have usefadh thatX takes on only non-negative
values. (Why is this step not valid otherwise?)
Now we can prove Chebyshev’s inequality quite easily.

Proof of Theorem 22.2 Define the r.vY = (X — u)2. Note that EY) = E((X — u)?) = Var(X). Also,
notice that the probability we are interested in|Rr- u| > a], is exactly the same as[Pr> a?|. (Why?)
Moreaover,Y is obviously non-negative, so we can apply Markov’s ineiyb it to get

Pr[Y > aZ] < % _ Va;(ZX) )

This completes the proof

Let's apply Chebyshev’s inequality to answer our questiboud the random walk at the beginning of the
lecture. Recall thaX is our position aften steps, and that([X) = 0, Var(X) = n. Corollary 22.3 says that,
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for anyB > 0, Pi|X| > B/n] < B_lz Thus for example, if we take = 10° steps, the probability that we end
up more than 10000 steps away from our starting point is at q%@s

Here are a few more examples of applications of Chebysheegguiality (you should check the algebra in
them):

1. Coin tosses.Let X be the number of Heads imtosses of a fair coin. The probability thétdeviates
from u = 3 by more than,/n is at most%. The probability that it deviates by more thagybis at
Most .

100

2. Poisson distribution. Let X be a Poisson r.v. with parameter The probability thaX deviates from
A by more than /A is at most}.

3. Fixed points. Let X be the number of fixed points in a random permutatiom deéms; recall that
E(X) = Var(X) = 1. Thus the probability that more than (say) 10 studentshgst bwn homeworks
after shuffling is at mo%, however largen is.

CS 70, Fall 2006, Lecture 23 5



